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ABSTRACT

Climate  change is  an  essential  topic  in  climate  science,  and the  accessibility  of  accurate,  high-resolution datasets  in
recent  years  has  facilitated  the  extraction  of  more  insights  from  big-data  resources.  Nonetheless,  current  research
predominantly focuses on mean-value changes and largely overlooks changes in the probability distribution. In this study, a
novel  method  called  Wasserstein  Stability  Analysis  (WSA)  is  developed  to  identify  probability  density  function  (PDF)
changes,  especially  the  extreme  event  shift  and  nonlinear  physical  value  constraint  variation  in  climate  change.  WSA is
applied to the early 21st century and compared with traditional mean-value trend analysis. The results indicate that despite
no significant trend, the equatorial eastern Pacific experienced a decline in hot extremes and an increase in cold extremes,
indicating a La Niña-like temperature shift. Further analysis at two Arctic locations suggests sea ice severely restricts the
hot  extremes  of  surface  air  temperature.  This  impact  is  diminishing as  the  sea  ice  melts.  By revealing  PDF shifts,  WSA
emerges  as  a  powerful  tool  to  re-examine  climate  change  dynamics,  providing  enhanced  data-driven  insights  for
understanding climate evolution.
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Article Highlights:

•  A novel method called Wasserstein Stability Analysis (WSA) is introduced to detect changes in probability distributions.
•  Shifts in extreme events such as La Nina-like events can be identified by WSA.
•  The nonlinear physical constraints imposed by the sea ice can be detected well by WSA.

 

 
 

 

1.    Introduction

Understanding the evolution of the climate system over
time stands as a cornerstone in the realm of climate science.
This imperative is emphasized in the findings of the Intergov-
ernmental  Panel  on  Climate  Change  Sixth  Assessment
Report (IPCC AR6), which illuminates the persistent warm-
ing  trend  in  global  mean  surface  air  temperature  (SAT)
since the 20th century, predominantly driven by human influ-
ence.  This  has  sparked  extensive  discussions  regarding  the
trend of annual mean SAT in the context of global warming
(Delworth and Knutson,  2000; Delworth et  al.,  2015; Li  et

al., 2015; Huang et al., 2017).
Yet,  navigating the  intricacies  of  climate  change in  an

era characterized by the proliferation of expansive and com-
plex  datasets—often  referred  to  as  "big  data"—poses  pro-
found difficulties. While mean values represent significant sta-
tistical features of datasets, encapsulating the overall energy
conditions  and  adeptly  filtering  noise  within  low-quality
datasets, the advent of the big data era demands novel method-
ologies.  As  datasets  become  more  precise  and  finer  in
higher resolution, the challenge lies in unraveling underlying
patterns,  correlations,  and  deep  insights—a  task  where  the
richness  of  the  information  transcends  mere  mean-value
changes.

The early 21st century is marked by a negative phase of
the  Pacific  Decadal  Oscillation  (PDO)  and  cooling  of  the
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Pacific  Ocean  (Douville  et  al.,  2015),  accompanied  by  La
Niña-like  Pacific  temperature  patterns  (Kosaka  and  Xie,
2013). Concurrently, the Arctic sea ice experienced a persis-
tent decline at a relatively high rate (Cai et al., 2021), exerting
a  significant  impact  on  SAT.  However,  conventional  trend
or mean-value analysis struggles to detect extreme patterns
like  La  Niña  events  or  distinguish  whether  the  warming
trend is due to human influence or other factors like sea ice.
In this context, the emergence of a novel mathematical tool
named  Wasserstein  distance  (W-distance),  which  is  often
used  to  quantify  the  distance  and  similarities  between  two
probability  distributions  from  optimal  transport  theory
(Figalli and Glaudo, 2021), offers fresh insights.

While W-distance has found applications in climate sci-
ence, such as detecting changes in forced Lorenz attractors
(Robin et al., 2017), model evaluation (Vissio et al., 2020),
oceanographic  data  analysis  (Hyun  et  al.,  2022),  and  data
assimilation (Tamang, 2022), its potential in the physical anal-
ysis  of  big  data  in  the  real  world  remains  relatively  unex-
plored. Here,  we apply W-distance to the physical analysis
of climate data during the early 21st century. By leveraging
the W-distance, we introduce a a novel method—Wasserstein
Stability Analysis (WSA)—dedicated to uncovering probabil-
ity  density  function  (PDF)  variability  in  climate  change.
This method, embracing signals like extremes and physical
value  constraints,  transcends  the  confines  of  conventional
mean-value analysis.  Through this new method, we extract
insights from the realm of big data that exceed mere averages
or  trends,  thereby  enriching  our  understanding  of  climate
change dynamics.

The  paper  is  organized  as  follows:  In  section  2,  we
describe the dataset and WSA algorithm. Optimal mass trans-
portation and W-distance are also briefly introduced. In sec-
tion  3,  we  apply  WSA  to  the  early  21st  century.  Through
the new method, we obtain a clear equatorial eastern Pacific
signal as highlighted in previous studies, and an evident physi-
cal  value  constraint  change  in  the  Arctic  that  has  not  yet
been fully explored. Finally, in section 4, we draw conclusions
and discuss ideas for future work. 

2.    Data and methods
 

2.1.    Dataset

As  the  description  of  PDFs  necessitates  a  relatively
large sample size, daily datasets are used for W-distance cal-
culation in this work. Specifically, the surface 2-m air temper-
ature  data  are  obtained  from  the  ERA5  dataset  (0.25°  ×
0.25°, single layer, hourly) from 1998 to 2013 (Hersbach et
al., 2020), and the spatial range is global. To better represent
the large-scale signal and accelerate the data processing, we
regrid the original dataset into daily data with a spatial resolu-
tion  of  2.5°  ×  2.5°  by  spatial  and  temporal  averaging.  We
also tested the results with another observed sea surface tem-
perature dataset (Fig. S1 in the ESM) .

The  sea-ice  data  used  in  the  study  come  from  Hadley
Centre  Sea  Ice  and  Sea  Surface  Temperature  monthly

dataset  (HadISST),  which  has  a  1°  ×  1°  spatial  resolution
(Rayner et al., 2003). The time range is from 1998 to 2013
and the spatial range is still global.
 

2.2.    Wasserstein Stability Analysis

c(x,y)
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Let  be  the  cost  function  of  transporting  unit
mass from  to . The W-distance [ ] is induced by
the study of how to transport mass from one probability distri-
bution  to  another  distribution  on  the  Euclidean  space

 in the cheapest way by letting the cost function  be
the –distance  between  and  where : 
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where  means  is a joint distribution of  and .
More  details  about  W-distance  can  be  found  in  the
Appendix.  In this work, we use earth mover's  distance,  i.e.

.
In the null hypothesis of statistical analyses, we usually

assume that the random variable follows the same distribu-
tion. Following this logic, we claim that the random variable
has  an  unstable  PDF if  the  W-distance  between  its  current
state and a reference state is out of a specific confidence inter-
val,  representing  a  significant  change  from  one  climate
stage to another. Therefore, the significant PDF change signal
is  detected  by  testing  W-distance,  and  the  climate  change
details can be further explored. In this section, we describe
the  development  of  the  novel  method  of  WSA  to  evaluate
the  magnitude  of  PDF  change  quantitatively.  The  new
method has two steps: W-distance test and PDF analysis.

X Y(1) W-distance test. Given two samples  and , both
series  are  first  standardized  individually  by  the  following
scalar: 

x− µ̂

σ̂
, (2)

µ̂ σ̂

W1(X,Y)

where  is the mean value and  is the standard deviation.
Then, the W-distance  is obtained after standardiza-
tion.  Note  that  standardization  is  necessary  since  the  geo-
graphic  difference  may  lead  to  a  large  variation  in  W-dis-
tance.  For  example,  the  high  surface  temperature  variation
at high latitudes usually leads to a larger W-distance than its
counterpart in tropical zones. Nevertheless, it does not neces-
sarily  mean  the  PDF  change  at  high  latitudes  is  stronger
than that at low latitudes.

H0 X

Y

XN YN X

Y W1(XN ,YN)

1−α W1(X,Y)

H0 α

Our  significance  test  is  based  on  the  Monte  Carlo  test
(Haurwitz and Brier, 1981; Xie et al., 2017). The null hypoth-
esis  of WSA is that the PDF discrepancy between  and

 can be explained by the white noise. Subsequently, we gen-
erate new samples  and  by adding white noise to 
and , and calculate . Such an operation is per-
formed 500 times. Under the null hypothesis with confidence
level ,  is  within  the  confidence  interval  of
these W-distances. If not,  is rejected. The  in this study
has been set as 0.01 and we perform the W-distance test for

374 WASSERSTEIN STABILITY ANALYSIS VOLUME 42

 

  



α = 0.05all  locations  individually.  A  significance  level  of 
yields  similar  results  (Fig.  S2).  More  details  about  the  W-
distance test can be found in Algorithm 1 in the Appendix.

(2)  PDF  analysis.  After  detecting  the  significant  PDF
change  zones  where  the  W-distance  is  significant,  we  plot
two PDFs and the corresponding change for each significant
change zone, and then explore the climate change mechanism
that makes W-distance significant. The next section will use
two examples to demonstrate how it functions.
 

3.    Results

During 1998−2013, the global mean surface temperature
experienced  a  slower  increase,  which  is  referred  to  as  the
“global warming hiatus” in earlier studies (Kosaka and Xie,
2013).  Recent  research  indicates  that  there  was  no  true
“hiatus” during that time, but the global surface temperatures
were still rising, albeit more slowly (Simmons et al., 2017).
This  phenomenon  suggests  that  physical  processes  other
than the anthropogenic warming trend play a role in climate
change,  and  the  detection  of  PDF  change  may  provide  us
with new information for this period. Therefore, by compar-
ing the performance of WSA with traditional trend analysis,
we  can  evaluate  the  similarities  and  differences  between
these two approaches, which could advance our understand-

ing  of  climate  science  and  inform  future  research  in  this
area.

Figure 1a depicts the W-distance between SAT PDFs dur-
ing  1998−2005  and  2006−13.  There  are  two  main  large-
scale  significant  W-distance  signals  appearing  in Fig.  1a:
the  equatorial  eastern  Pacific  and  the  Barents–Kara  seas.
The  equatorial  eastern  Pacific  has  the  greatest  W-distance,
with values ranging from 0.08 to 0.24; nevertheless, there is
no discernible trend (Fig. 1b). Another noticeable W-distance
signal  can  be  seen  over  the  Barents–Kara  seas,  which  is
located inside a significant warming trend zone in the Arctic
(Fig. 1b). The following analysis will mainly focus on signals
over the equatorial eastern Pacific and Barents–Kara seas to
highlight the information that W-distance can provide about
climate change. In practice, the Arctic region exhibits a signif-
icant temperature variation. As a result, the regional average
may ignore some information from individual grid cells (see
section 4 for detail). To avoid this, we selected three special
sites to perform further PDF analysis:

(1) Site A (0°, 90°W): a site with a significant W-distance
signal but without a significant linear trend;

(2)  Sites  B  (79°N,  66°E)  and  C  (79°N,  131°E):  sites
that  both  exhibit  significant  linear  trends;  however,  Site  B
has a significant W-distance while C does not.

Figure 2 shows the SAT PDFs and their changes from

 

 

Fig.  1. (a)  W-distance  between  SAT  PDFs  during  1998−2005  and  2006−13.
(b)  Linear  trend  during  1998−2013.  Only  statistically  significant  regions  (99%
significance  level)  are  shown.  Three  sites,  A  (90°W,  0),  B  (66°E,  79°N),  and  C
(131°E, 79°N), have been chosen for further analysis.
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the period 1998−2005 to the period 2006−13 at Site A. The
mean  value  and  standard  deviation  stay  relatively  stable
between  the  two  periods  (23.0°C  vs.  23.2°C  for  the  mean
value;  2.2°C  vs.  2.1°C  for  the  standard  deviation).  How-
ever, in the second period, the hot extremes (more than two
standard  deviations,  roughly  27°C)  decrease  by  more  than
ten days per year, while the mild hot events (near one standard
deviation)  increase  by  roughly  30  days  per  year.  Mean-
while,  the  cold  extremes (less  than −2 standard deviations,
19°C)  increase  by  more  than  ten  days  per  year,  while  the
mild  cold  events  (near −1  standard  deviation)  decrease  by
more than 30 days per year. The hot extreme decreasing and
cold extreme increasing indicate a La Niña-like SAT shift.

Many  early  studies  pointed  out  the  cooling  of  the
Pacific  Ocean,  which  partially  offset  the  global  warming
trend, correlating with the negative phase of the PDO in the
early  21st  century  (Kosaka  and  Xie,  2013; England  et  al.,
2014; Douville et al., 2015). Given the insignificant trend of
observed SAT in the equatorial eastern Pacific, those studies
hypothesized  a  potential  impact  of  the  equatorial  eastern
Pacific  on  the  warming  slowdown,  and  subsequently  vali-
dated it through numerical modeling experiments to ascertain
the  significance  of  La  Niña-like  sea  surface  temperature
changes. In our study, with WSA, we observe that in the equa-
torial eastern Pacific, while the overall PDF of SAT exhibits
a warming shift, the decrease in hot extremes alongside the

increase  in  cold  extremes  counteracts  the  main  PDF  shift
(Fig.  2a),  resulting  in  an  insignificant  mean-value  change
but a significant PDF shape change (indicated by high W-dis-
tance). The results demonstrate WSA’s capability as an analyt-
ical tool to detect extreme shifts, enabling the rapid identifica-
tion of crucial signals during the early 21st century.

Site B is another region with a significant W-distance,
suggesting a strong PDF change from the period 1998−2005
to  the  period  2006−2013  (Figs.  3a and c).  At  Site  B,  the
SAT  shows  significant  warming  from −10.2°C  to −6.4°C.
Meanwhile, the standard deviation also decreases, indicating
an  elimination  of  SAT  variation.  Since  Site  B  is  located
within  a  zone  covered  by  sea  ice,  the  maximum  SAT  is
strongly constrained to being near the frozen line in both peri-
ods,  and  thus  this  causes  a  sharp  frequency  jump  near  the
frozen line (Fig. 3a). However, as the mean value increases
and  the  standard  deviation  decreases  during  the  second
period,  the  frozen  line  at  Site  B  shifts  significantly  to  the
left.  As a  result,  the  frequency peak of  hot  events  shifts  to
the left. Meanwhile, the slope near the frozen line becomes
flatter, leading to a smoother PDF shape. In contrast, Site C
exhibits a change that follows a similar pattern but is consider-
ably smaller in extent in terms of mean value, standard devia-
tion,  and  frozen  line  shift  (Figs.  3b and d).  Consequently,
the  W-distance  at  Site  C is  smaller  than  that  at  Site  B and
fails  the  99%  significance  test.  Actually,  the  existence  of
sea  ice  strongly  limits  the  maximum  surface  temperature
and the corresponding SAT near the frozen line. Therefore,
the sharp peak shape of the SAT PDF appears in regions cov-
ered by sea ice. Nevertheless, regions with normal ocean con-
ditions  are  expected  to  have  a  more  Gaussian  distribution.
Therefore,  the  alteration at  Site  B and Site  C suggests  that
the  variability  in  sea-ice  concentration  may  play  a  role  in
the SAT PDF change from the first to the second period.

±1

By checking the full-time series in two periods, we can
better  understand  the  PDF  change  at  Site  B  and  Site  C.
From 1998−2005 to 2006−2013, the interval with  standard
deviation  shrinks  and  moves  upward  at  Site  B  because  of
the change in mean value and standard deviation (Fig.  4a).
Clearly,  this  change  leads  to  most  of  the  SAT variabilities
being  below  +1  standard  deviation  and  also  more  cold
extremes. For Site C, we can see a similar change but with a
much smaller magnitude (Fig. 4b). As discussed, this differ-
ence can be attributed to the sea ice and its strong temperature
constraint. Figure 5 shows the sea-ice concentration change
between 1998−2005 and 2006−2013. We can see that Site B
is  in  a  zone  where  sea  ice  is  melting  the  most.  Hence,  the
PDF change at Site B is the most intense. As a comparison,
Site C also experiences sea-ice loss but to a relatively small
extent. As the temperature increases, the sea-ice concentration
decreases,  and  the  effect  of  sea-ice  restriction  gradually
fades.  This  is  why  Site  C  also  displays  a  similar  PDF
change but with a less significant level. In summary, the sig-
nificant W-distance change at Site B implies the removal of
physical  temperature  constraint  imposed  by  sea  ice  that
causes the sharp peak near the frozen line in the PDF. Actu-
ally, one of the most significant developments of IPCC AR6

 

Fig.  2. (a)  SAT  PDFs  for  the  periods  1998–2005  (blue)  and
2006–13 (red). The bottom tick labels represent observed SAT
values from 2006 to 2013, whereas the top tick labels represent
observed  SAT  values  from  1998  to  2005.  (b)  The  difference
between  two  PDFs  of  standardized  SAT  series  (2006−13
minus  1998−2005)  at  site  A  (0°,  90°W).  The  frequency  has
been  standardized  as  days  per  year.  The  mean  value  for  the
time period is shown by bracketed numbers in the legend.
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compared  with  IPCC  AR5  is  the  improved  sea-ice  model-
ing.  Observational-based  estimates  of  global  mean  surface
temperature  face  a  significant  issue  in  areas  where  sea  ice
melts or grows, resulting in a switch between air temperature
and sea surface temperature, which leads to reduced warming
in  IPCC  AR5.  According  to Richardson  et  al.  (2018),  this
underestimated  warming  in  historical  model  simulations
amounts to about 3% of the observed warming. Given that
WSA is able to detect this sea-ice-induced change in PDF, it
may be useful for future model development and data correc-
tion.

Overall,  by  detecting  changes  in  PDFs  between  the
early and later  periods during the early 21st  century,  WSA
is  able  to  identify  the  two  physical  processes  during  the
early 21st century: the La Niña-like tropical Pacific tempera-
ture shift and physical value constraint due to sea ice.
 

4.    Conclusion and discussion

In  this  work,  we develop a  novel  method called  WSA
to  detect  climate  change  signals.  The  results  indicate  that
WSA  shows  some  advantages  compared  with  traditional

 

 

Fig. 3. As in Fig. 2 but (a) and (c) are for Site B, and (b) and (d) are for Site C. The dashed lines in (a) and
(b)  represent  the  ocean frozen temperature  (−1.7  °C)  in  two distributions  (blue  for  1998−2005 and red  for
2006−13).
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mean-value  analysis  in  certain  cases.  Trend  analysis  based
on  mean  values  cannot  detect  the  extreme event  signals  in
the  equatorial  eastern  Pacific  Ocean  in  the  early  21st  cen-
tury, while WSA can easily identify the La Niña-like tempera-
ture PDF shift.  Additionally,  due to the strong temperature
constraint of sea ice, the sea-ice cover area shows a different
PDF pattern compared to the open ocean. As a result, unlike

mean-value  analysis  detecting  significant  trend  regions,
WSA  can  identify  the  strong  sea-ice-loss  area  in  the  early
21st  century,  indicating  a  fundamental  physical  property
change of the surface.

While the regional average is commonly used to depict
large-scale features, its suitability varies, especially concern-
ing PDF changes. In tropical regions like the equatorial east-
ern  Pacific,  the  regional  average  aligns  closely  with  sites
due to uniform sea surface temperatures. However, at high lat-
itudes,  regional  averages  may  not  capture  significant  PDF
shifts. For instance, in our analysis of the Barents–Kara seas
(40°−80°E, 70°−80°N), the W-distance of the regional aver-
age  SAT  between  the  periods  1998−2005  and  2006−13  is
not  significant  (in  the  electronic  supplementary  material),
despite most grid cells within the region passing the 99% sig-
nificance test (Fig. 1a). This discrepancy arises from differ-
ences  in  mean  temperature  and  standard  deviation  among
grid  cells,  highlighting  that  extreme  values  in  one  specific
grid  cells  may  not  carry  the  same  significance  across  grid
cells, leading to an insignificant cold and warm shift from a
regional  perspective.  Despite  this,  site-specific  analyses,
like  Site  B  in  our  study,  remain  physically  representative,
uncovering a crucial mechanism: the weakening of physical
constraints due to sea ice melting over time. As a result, to
ensure robust results, we advocate for a more strict signifi-
cance test level and caution in regional averaging.

It should be noted that the discussion of PDF change dur-
ing  the  early  21st  century  is  incomplete  in  this  study.  We
just chose several typical regions or sites to illustrate the abun-
dant information from the significant PDF change and verify
the capability of the WSA algorithm. A more detailed discus-
sion on scattered significant signals in the Indian Ocean and
South  America  is  another  interesting  topic  and  worthy  of

 

 

±

Fig. 4. Full daily SAT time series of 1998−2005 (blue) and 2006−13 (red) at Site B is
plotted  in  Panel  (a),  and  the  counterpart  at  Site  C  is  plotted  in  Panel  (b).  Dash-dot
lines  and  dash  lines  represent  mean  value  and 1  standard  deviation  boundaries  of
1998−2005 (blue) and 2006−13 (red), respectively.

 

Fig.  5. The  sea-ice  concentration  change  (units:  %)  between
1998−2005  and  2006−13.  The  locations  marked  by  letters
correspond to Site B and Site C.
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investigation  in  a  separate  study.  Meanwhile,  we  only
applied  the  WSA  method  to  SAT  in  this  study.  Similarly,
we can also apply the method to precipitation, wind speed,
and pressure, which may also offer more insights into climate
change.  Furthermore,  while  our  current  work  is  based  on
ERA5 reanalysis data, due to its widespread availability, suffi-
cient spatial coverage (i.e., at the global scale), high temporal
resolution  and  fine  horizontal  resolution,  it  is  important  to
note  that  the  WSA  method  is  designed  to  be  versatile  and
adaptable to different datasets.  The choice of ERA5 in this
context serves as a demonstration, showcasing the capabilities
of the method. Researchers have the flexibility to substitute
other  observational  datasets,  including  any  other  satellite
retrievals  or  ground-based  observations,  in  order  to  suit
their specific needs and preferences.

It  should  be  emphasized  that  despite  the  slowdown  in
global mean SAT during the early 21st century, global warm-
ing has not ceased; rather,  it  is  manifested in various other
ways.  Previous  studies  documented  that  the  global  ocean
heat content in the upper 2000 m has not stopped and has con-
tinuously increased in response to the increased atmospheric
greenhouse  gases  from  human  activities  (Cheng  et  al.,
2024).  Furthermore,  from  another  perspective,  the  WSA
method can offer new insights into climate change. We used
it to successfully detect changes in PDFs over the equatorial
eastern Pacific Ocean and sea-ice melting areas in the Arc-
tic,  and  the  possible  underlying  physical  mechanisms  have
also been discussed. However, the current WSA method can
only detect whether the distribution has changed or not, and
the  direction  of  change  is  not  well  depicted.  For  example,
Fig. 1 can only give us a clue to discover PDF change sig-
nals, but cannot directly tell us whether most of the regions
have more cold extremes or warm extremes. Therefore, how
to measure the direction of PDF change is still a challenging
topic and needs to be explored in the future.

Data and Software   Surface 2-meters air temperature data is
from  ERA5  reanalysis  products  of  the  European  Centre  for
Medium-Range  Weather  Forecast  (ECMWF)  (Hersbach  et  al.,
2020), which can be accessed at the following link https://doi.org/
10.24381/cds.adbb2d47.  Sea  ice  data  is  from  the  Hadley  Centre
Sea  Ice  and  Sea  Surface  Temperature  dataset  (HadISST)  of  Met
Office in British (Rayner et al., 2003), which could be accessed via
the  following  link http://www.  metoffice.gov.uk/hadobs/hadisst/.
The code of Wasserstein Stability Analysis can be found online via
the link https://doi.org/10.5281/zenodo.7839648.
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APPENDIX

This appendix explains the W-distance in optimal trans-
port and W-distance test in WSA. In the first section, we intro-
duce the W-distance, and especially we list the open source
code  to  compute  the  W-distance.  Then,  in  the  second  sec-
tion, we give a detailed description of the W-distance test of
WSA, which is formulated in Algorithm 1.
 

1.    Introduction  to  W-distance  and  optimal
transport

This section introduces the optimal transport and W-dis-
tance. In practice, W-distance can quantify the distance and
similarities between two probability distributions. Compared
to  other  similar  metrics  like  Kullback–Leibler  divergence,
W-distance  is  rigorously  defined  and  satisfies  the  metric
axioms  (Figalli  and  Glaudo,  2021).  W-distance  provides  a
powerful metric to quantify the similarities and discrepancies
between probability distributions.

µ ν

R
d

In 1781, Gaspard Monge proposed the concept of optimal
transport  from  one  practical  situation:  if  one  uses  soil  to
build  fortifications,  what  is  the  cheapest  way  to  transport
the soil? Let  and  be two probability measures (distribu-
tions) on , and this scenario leads to the following Monge
formulation of optimal transport: 

inf
T#µ=ν

∫

Rd

c(x,T (x)) dµ(x) , (A1)

c(x,T (x)) x

T (x) ν = T#µ

A ⊂ Rd

where  is the cost of transporting unit mass from 
to ,  and  means  that  for  any  (measurable)  set

, 

ν(A) = µ(T−1(A)) . (A2)

T T

x

Such  is said to be a transport map, and since  is a map,
the mass at  could only be transported to one destination,
which  means  Monge  formulation  does  not  allow  splitting
the mass.

In  the  1940s,  Leonid  Kantorovich  revisited  Monge’s
problem and gave relaxation to Monge’s formulation by split-
ting the mass. Kantorovich relaxation leads to the following
formulation of optimal transport: 
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inf
π∈Π(µ,ν)

∫

Rd×Rd

c(x,y) dπ(x,y) , (A3)

π ∈ Π(µ,ν) π

µ ν

µ ν

where  means  is  a  joint  distribution  with
marginals  and  (also  called  a  transport  coupling  with
marginals  and ), i.e., 

Π(µ,ν) = {π ∈ P(Rd ×Rd) : π(A×Rd) = µ(A),

π(Rd ×B) = ν(B),A,B ⊂ Rd} (A4)

p

c(x,y) = |x− y|p

µ ν

When  the  cost  function  is  the –distance,  i.e.,
, the metric side of Kantorovich formulation

makes it valid to quantify the similarities between probability
measures  and  via p-W-distance, defined as below: 

Wp(µ,ν) =

(

inf
π∈Π(µ,ν)

∫

Rd×Rd

|x− y|p dπ(x,y)

)
1
p

, (A5)

p ∈ [1,∞)

p = 1

where .  In  this  work,  we  use  the  following  earth
mover's distance, i.e. , 

W1(µ,ν) = inf
π∈Π(µ,ν)

∫

Rd×Rd

|x− y| dπ(x,y) . (A6)

µ

ν

Earth  mover’s  distance  can  be  seen  as  the  minimum
amount of “work” required to transform mass from the proba-
bility measure (distribution)  into another probability mea-
sure  (distribution) ,  where  the “work” is  measured  as  the
amount of distribution weight that must be moved, multiplied
by the distance it has to be moved.

wasserstein_distance

wasserstein_distance

The  code  to  calculate  the  earth  mover’s  distance
between  two  1D  distributions  has  been  integrated  into  the

 function  of  the Scipy package.  The
input of  is  just  the two sequences of
observed values in the empirical distributions, then the func-
tion returns the computed distance between these two distribu-
tions. The details can be found in Scipy (2023).

ot.emd2

POT ot.emd2

l1
POT

POT

POT

Another  option  to  compute  W-distance  is  to  use  the
 function  in  the  Python  optimal  transport  package

 (Flamary et al., 2021). The  function can com-
pute  the  earth  mover  distance  in  1D  as  long  as  the  cost
matrix  is  given  by  the  corresponding  distance.  While

 is  one  of  the  most  efficient  exact  optimal  transport
solvers, it has not been designed to handle large-scale optimal
transport problems. Therefore, if one needs to solve the opti-
mal transport with a large number of samples, we do not rec-
ommend  using .  Interested  readers  may  refer  to  the

 homepage at https://PythonOT.github.io/ for more infor-
mation.
 

2.    W-distance  test  in  Wasserstein  Stability
Analysis

X Y

(x− µ̂)/σ̂
µ̂ σ̂

W1(X,Y) X Y

Algorithm 1 provides details for the first step W-distance
test in  WSA.  Given two samples  and ,  both  series  are
first  standardized  individually  by  the  scalar ,
where  is the mean value and  is the standard deviation.
Then,  the  W-distances  between  and  are

obtained after standardization.
H0

X Y

H1

X Y

The null hypothesis  of WSA is that the PDF discrep-
ancy between two samples  and  can be explained by the
white  noise.  Clearly,  the  alternate  hypothesis  ( )  is  that
the discrepancy of PDFs between  and  results from factors
other than white noise.

W1(X,Y) XN

YN N(0,1) X Y

N(0,1)

W1(XN ,YN)

XN YN

{W1(XN ,YN)}500
N=1

H0

X Y

N(0,1)

X Y

XN YN W1(X,Y)

W1(XN ,YN) H0

1−α W1(X,Y)

{W1(XN ,YN)}500
N=1

H0

X Y

N(0,1) 1−α α = 0.01

To conduct the Monte Carlo test, after obtaining the W-
distance ,  we generate two new samples,  and

,  by  adding  white  noise  to  and ,  where
 is the standard Gaussian distribution. Then, one can

obtain the W-distance  between the new samples
 and . Such an additional operation of white noise is per-

formed 500 times. Therefore, one can obtain a sequence of
W-distances , and then obtain a confidence
interval  of  W-distances.  Under  the  null  hypothesis  that
the  distribution  discrepancy  between  and  can  be
explained  by  the  white  noise ,  the  W-distance
between the original samples  and  must be indistinguish-
able from the counterpart distance between the perturbed sam-
ples  and ,  i.e.,  must  be  indistinguishable
from . Under the null hypothesis  with the con-
fidence  level ,  one  would  expect  that  is
within  the  confidence  interval  of .  If  not,

 is rejected, and one could claim that the distribution dis-
crepancy  between  and  is  not  from  the  white  noise

 with the confidence level of , where .
1−α = 99%

95%

X Y

N(0,1)

In this study, a higher confidence level of ,
rather than the common , is used to enhance the result
interpretability,  since  W-distance  is  very  sensitive  to  the
PDF change.  Furthermore,  when adding white  noise  to  the
standardized samples of  and , we use the standard Gaus-
sian  distribution .  Since  a  large  size  of  samples  is
used,  according to  the  central  limit  theorem,  the  amplitude
of white noise is set as one standard deviation individually.

After  performing  the  W-distance  test  for  all  locations,
we  can  detect  the  places  where  the  W-distance  is  signifi-
cant,  which  are  regarded  as  the  significant  PDF  change
zones. Then, we can carry out PDF analysis for the significant
PDF change zones.

Algorithm 1: Wasserstein Stability Analysis (WSA)

H0

X Y

1−α α = 0.01

1: procedure ( :  the  discrepancy  in  probability  distribu-
tions between  and  is from white noise, with confidence
level  where ).

X Y (x− µ̂)/σ̂2:     and  are standardized individually by the 
scalar.

W1(X,Y)3:   Get 
N← 14:   

N ⩽ 5005:   while  do
XN ← X+ random(0,1) ▷ N(0,1)

X Y

6:             add white noise  to
 and 

YN ← Y + random(0,1)7:     
W1(XN ,YN) ▷ XN YN8:     Get         and  are series with white

noise
N← N +19:     

10:   end while
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W1(X,Y) 99%

{W1(XN ,YN)}500
N=1

11:    if  is  out  of  confidence  interval  of
 then

H0 ▷ N(0,1)12:   reject        The discrepancy is not from 
13:   else

H014:       is not rejected
15:   end if
16: end procedure
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