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Highlights:

* The challenge of separating vortical and wavy motions is tackled

» The separation uses the fact that wavy motions bear no potential vorticity anomaly
* The separation applies to a concurrent snapshot of sea surface height and velocity
* The separation is simple and efficient, with a numerical simulation as a testbed
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Abstract

Wide-swath satellite missions, such as Surface Water and Ocean Topography (SWOT) and
Ocean Dynamics and Sea Exchanges with the Atmosphere (ODYSEA), will provide quasi-
concurrent observations of the two-dimensional sea surface height and velocity. Thanks to their
high spatial resolution, the spatial features of both vortical and wavy oceanic motions are
expected to be captured by these observations. A natural question is whether one can
disentangle vortical and wavy motions in these snapshot observations. This issue has attracted
some efforts, but crucial progress remains to be made. Here, assuming that only a single
concurrent snapshot of the sea surface height and velocity is available, we pursue a dynamical
approach for disentangling vortical and wavy motions. This is realized by noting that wavy
motions do not induce potential vorticity anomalies. A proof-of-concept application using an
output of a realistic high-resolution numerical simulation suggests that the proposed approach
is simple and efficient, and is particularly useful for separating wavy and vortical motions in
observations by wide-swath satellite missions.

1. Introduction

There exist two fundamental types of aceanic motions, namely vortical and wavy motions.
Large-scale currents, mesoscale flows and submesoscale processes are typical examples of
vortical motions, which generally transport tracers along the isopycnal. An enduring topic in
coarse-resolution ocean models is the parameterization of the isopycnal mixing induced by
mesoscale flows (Gent and Mcwilliams, 1990; Griffies, 1998). Barotropic tides and internal
gravity waves (IGWs) are representative of wavy motions, which through generation of small-
scale turbulence significantly contribute to the diapycnal mixing. A challenging topic is to
faithfully constrain the diapycnal mixing resulting from IGWSs (Gregg, 2021; Jayne, 2009; St.
Laurent et al., 2002). Due to their contrasting implications for ocean mixing, it is essential to
disentangle vortical and wavy motions and to deepen the understanding of their respective

characteristics.

Our understanding of both vortical and tidal motions has largely hinged on nadir-looking
satellite altimeters (e.g., Morrow et al., 2023), which measure a one-dimensional section of the
sea surface height (SSH) with an along-track resolution of 6-7 km (e.g., Fu and Ubelmann,
2014), a cross-track spacing of 200-300 km (e.g., Fu and Ubelmann, 2014) and a repeat period
of 10 days (e.g., Le Traon, 2013). Over the last ~30 years, large-scale and mesoscale signals

have been extracted from the measured SSH to study the variability of ocean currents, changes
3
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of the mean sea level (Fu and Chelton, 2001), as well as the dynamics of mesoscale vortices
and eddy-mean flow interactions (Le Traon and Morrow, 2001). At the same time, global
barotropic tides have been estimated with the observed SSH through data assimilation (Provost,
2001), and are suggested to provide about half of the mechanical energy required to maintain
the global overturning circulation (Egbert and Ray, 2000, 2001, 2003); moreover, low-mode
coherent baroclinic tidal SSH has been separated from satellite altimeter data according to
aliasing principles of tides (Carrere et al., 2004; Dushaw, 2015; Kantha and Tierney, 1997; Ray
and Zaron, 2016; Ray and Cartwright, 2001; Ray and Mitchum, 1996; Zaron, 2019; Zhao,
2017; Zhao et al., 2016), and the energetics of baroclinic tides have been quantified (Kantha
and Tierney, 1997; Ray and Cartwright, 2001; Zaron et al., 2022; Zhao, 2017; Zhao et al.,
2016). Therefore, nadir-looking satellite altimetry has been widely recognized as an

oceanographic revolution (Abdalla et al., 2021; Morrow et al., 2023; Le Traon, 2013).

In spite of its revolutionary success, the conventional altimetry is incapable of resolving
submesoscale flows and the internal gravity wave continuum due to its nadir-looking nature.
This has motivated the development of wide-swath satellite altimetry, including the Surface
Water and Ocean Topography (SWOT; Fu and Ubelmann, 2014; Morrow et al., 2019; Fu et
al., 2024) and Guanlan (Chen et al., 2019) missions. By design, the wide-swath satellite
altimetry can effectively observe the ocean by taking a two-dimensional snapshot of SSH
(Morrow et al., 2019) with a swath width of ~50 km, a horizontal resolution of ~2 km and a
repeat period of ~20 days (Fu et al., 2024). Also being planned is the wide-swath Doppler
scatterometry, such as the Ocean Dynamics and Sea Exchanges with the Atmosphere
(ODYSEA) and the Ocean Surface Current multiscale Observation Mission (OSCOM), which
Is designed to measure sea surface velocity (SSV) with a swath width of ~1000 km, a horizontal
resolution of ~5 kim and a global coverage of ~1 day (Bourassa et al., 2016; Du et al., 2021,
Rodriguez et al., 2019; Torres et al., 2023). Wide-swath satellite altimetry and scatterometry
will be useful in observing larger submesoscale flows and longer IGWs. It is thus expected that
new perspectives on vortical and wavy dynamics will be revealed (Du et al., 2021; Morrow et
al., 2019). However, these wide-swath observations will remain with a low temporal resolution
due to the long revisit period of satellites, and thus the temporal evolution of oceanic flows will
be undersampled; as such, disentangling vortical and wavy motions with methods based on full
spatio-temporal information, such as the dynamical decomposition devised by C. Wang et al.
(2023a), is not possible. Hence, a major challenge in the application of these unprecedented
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data is to disentangle vortical and wavy motions captured by the two-dimensional snapshots of
SSH and SSV (Morrow et al., 2019).

Several attempts have been made to address this problem. In an idealized model
configuration where an unstable baroclinic jet is subject to mode-1 baroclinic tidal forcing,
Ponte et al. (2017) used a two-dimensional snapshot of sea surface density to estimate three-
dimensional potential vorticity through an empirical formula, then inverted quasi-geostrophic
potential vorticity to obtain the geostrophic SSH, and finally obtained the tidal SSH as the
difference between the total and geostrophic SSH. With the ground truth from the same
numerical simulation as Ponte et al. (2017), Le Guillou et al. (2021) presented an alternating
minimization approach that iteratively assimilates two-dimensional SSH into a 1.5-layer quasi-
geostrophic model to map vortical SSH and a 1.5-layer linear shallow water model to get
baroclinic tidal SSH. Using outputs of a realistic, tide-resolving and submesoscale-admitting
numerical simulation, Torres et al. (2019) spatially low-pass (high-pass) filtered snapshots of
SSH to extract vortical (wavy) components with the cutoff wavelength chosen to be the scale
where the summertime SSH wavenumber spectra displayed a significant slope discontinuity.
In idealized and realistic model configurations, recent machine-learning techniques have also
proved useful in extracting signal of baroclinic tides from SSH snapshots (Lguensat et al.,
2020; H. Wang et al., 2022).

In summary, existing approaches are mainly based on SSH, and mostly work only for
specific settings. By contrast, this study, using both SSH and SSV in anticipation of wide-swath
satellite missions, formulates the problem of vortical-wavy disentanglement as a general
initialization problem. Specifically, we consider the scenario where only a single pair of
concurrent snapshots of SSH and SSV is available, and invokes the property that wavy motions
do not induce any potential vorticity anomaly to decompose the full flow into vortical and wavy
components. The paper is structured as follows. The proposed decomposition approach is
presented in Section 2. Proof-of-concept applications of the proposed approach to simulated
flows from a realistic, tide-resolving and submesoscale-admitting simulation are shown in

Section 3. The results are summarized and discussed in Section 4.

2. Methodology

2.1 Mathematical formulation
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The defining feature of wavy motions is that the polarization relation relating wavy pressure
and velocity and the dispersion relation relating wavy frequencies and wavenumbers are
satisfied. An immediate corollary is the well-recognized property that wavy motions bear no
potential vorticity anomaly (Pedlosky, 2003; Zeitlin, 2018).! This basic property has been
directly used as a definition of wavy motions no matter the system is linear or nonlinear (e.g.,
Vildez and Dritschel, 2004; Dritschel and Viudez, 2007). In the history of numerical weather
prediction, this property has spawned an ingenious idea of addressing an initialization problem
that intends to eliminate IGWs from initial fields in order to accurately predict
meteorologically-important phenomena that are generally in geostrophic balance (e.g., Zeitlin,
2018). Assuming that only a snapshot of SSH and SSV is given, this idea can be formulated in

the quasi-geostrophic regime as follows:

2(91\ _ 191 _q_7_19n
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where u = (u,v) denotes SSV, 7 is the SSH, { = 2 a; the vertical component of the

ax @

relative vorticity (hereafter referred to as relative vorticity), I the linearized potential vorticity
anomaly relative to the rest state, g the acceleration due to gravity, fo = (0,0, f;) with fobeing
the Coriolis parameter on the f-plane and Lq the deformation radius. Overbars and primes
represent vortical and wavy variables, respectively. Physically, Equation 1la implies that the
potential vorticity anomaly, which can be derived from the full flow variables, is entirely due
to vortical motions; mathematically, Equation 1a is a Helmholtz equation without involving
any temporal information, thus allowing vortical SSH (i.e., 77) to be inverted from a snapshot
of SSH and SSV. Then vortical SSV (i.e., u) is derived from vortical SSH based on the
geostrophic balance in Equation 1b. Finally, wavy variables (i.e., n’ and u") are recovered via

Equations 1c-1d as the differences between the full and vortical fields. Therefore, Equations

! Pedlosky (2003) provides a simpler explanation from the perspective of the potential vorticity
conservation. For the wavy motion, the conservation equation is oIT'/6t=0, where IT" is the
wavy potential vorticity anomaly relative to the rest state. Assuming the periodic wavy motion

has a frequency w, oIT /6t=0 becomes wI1"=0. Since w is non-zero, IT" must be zero.
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la-1d provide a framework for a snapshot-based decomposition of SSH and SSV into vortical

and wavy components.
2.2 Determination of the deformation radius

A crucial step in the abovementioned decomposition is to determine the deformation radius
(i.e., Lg) in Equation 1a. In the classic theory, Lq corresponds to only one vertical normal mode
(Pedlosky, 2003). This contradicts the real-ocean scenario where the vertical structure is a
superposition of many vertical modes, especially when submesoscale processes or high-mode
IGWs are active. To practically consider contributions of all vertical modes, Torres et al. (2019)
set L4 via requiring that the wavenumber transition from vortical to wavy kinetic energy spectra
is continuous; Le Guillou et al. (2021) determined Lq using the four-dimensional variational

technique. Here, we propose to determine Lq by fitting the wavy potential vorticity anomaly

. o' ou  1gn . . . .
(e, ' = % — % - L—Z%) to zero, which leads to an effective deformation radius. Of course,
a /o

wavy SSH and SSV are required a priori for the determination of the effective deformation
radius. We thus adopt the dynamical decomposition approach devised by C. Wang et al.
(2023a), obtaining a baseline of wavy variables to estimate Lq. Their approach takes full
advantage of the temporal information of physical variables and is capable of accurately
disentangling vortical and wavy motions. Note that optimally constraining the wavy potential
vorticity anomaly to zero is equivalent to minimizing the difference between vortical and full

potential vorticity anomalies.

To specifically illustrate how this effective deformation radius is determined, we employ
the hourly snapshot outputs, ranging from 1 March 2012 to 31 March 2012, of a realistic
numerical simulation (i.e., LLC4320). The LLC4320 simulation explicitly includes the full
luni-solar tidal potential to partially resolve the internal gravity wave continuum. Details about
this  simulation can be found in Arbic et al. (2018) and at
http://mwwcvs.mitgecm.org/viewve/MITgem/MITgem_contrib/llc_hires/. For comparison, we
focus on two oceanic regions indicated by the red and magenta boxes in Fig. 1a, i.e., the central
South China Sea (Figs. 1a, 1b) which is characterized by vigorous IGWs but low mesoscale
variabilities and the Kuroshio Extension (Figs. 1a, 1c) which has weak IGWs but energetic
mesoscale processes. As a first step, we use the dynamical decomposition approach devised by
C. Wang et al. (2023a) to obtain baseline wavy SSH and SSV in abovementioned two oceanic
regions. Then the spatial mean and trend are removed for each hourly snapshot of baseline

wavy SSH and SSV, the reason for which will become clear in Section 2.3. Finally, fitting the
y
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baseline wavy potential vorticity anomaly at each instant to zero in a least-square sense yields
the effective deformation radius, whose time series is shown in Fig. 2. In the South China Sea
(Fig. 2a) and around the Kuroshio Extension (Fig. 2b), the effective deformation radii vary
substantially with time and their temporal averages are both ~34 km. Recall that the first
baroclinic deformation radius (i.e., ci/fo where c1 is the phase speed of the first baroclinic mode
of gravity waves. See Pedlosky (2003) for details.) is ~59 km in the South China Sea and ~34
km around the Kuroshio Extension. It would be interesting to figure out the exact cause of the
contrast (similarity) between the effective and first deformation radii in the South China Sea
(Kuroshio Extension), which is, however, beyond the scope of this study. Hereafter, the
temporal averages of the effective deformation radius in each region will be used for

convenience.
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Fig. 1. Bathymetry of the northwestern Pacific (a), an SSH snapshot for the central South China
Sea (b) highlighted by the red box, and an SSH snapshot for the subregion around the Kuroshio

Extension (c) highlighted by the magenta box.
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Fig. 2. The deformation radius in the central South China Sea (a) and the subregion around the
Kuroshio Extension (b). The red line denotes the hourly time series of the effective deformation
radius whose temporal mean is represented by the magenta line. The black line shows the first

baroclinic deformation radius averaged in the respective oceanic regions.
2.3 Application procedures

With the deformation radius determined in Section 2.2, we are now ready to apply the
proposed snapshot-based decomposition to the LLC4320 simulation in the two oceanic regions.
Technically, the Fourier transform is applied to Equation 1a to invert vortical SSH at each
instant in time. As is standard, the mean and trend of SSH and SSV are removed and a Tukey
window with a taper-constant ratio of 0.2 (Arbic et al., 2014) is imposed before the Fourier
transform; therefore, n and w in Equations la, 1c, 1d respectively represent detrended-

demeaned-windowed SSH and SSV, which necessitates the detrending and demeaning in
9
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estimating the deformation radius in Section 2.2. With vortical SSH known, the Fourier
transforming of Equation 1b gives vortical SSV. Finally, wavy SSH and SSV are calculated
using Equations. 1c-1d, respectively. Note that since large-scale currents and barotropic tides
are removed during the process of detrending, demeaning and windowing (C. Wang et al.,
2023b), vortical motions from Equations 1a-1d mainly include mesoscale and submesoscale

flows and wavy motions generally involves IGWs.

3. Proof-of-concept Application
3.1 Decomposed results

Figure 3 shows the decomposed wavy and vortical SSH (#), zonal velocity (U) and
meridional velocity (V) in the South China Sea and around the Kuroshio Extension. In the
South China Sea, wavy variables (Figs. 3a-3c) clearly exhibit southwestward-propagating
IGWSs which are mostly baroclinic tides generated in the Luzon Strait. The wavy pattern is also
easily found in the relative vorticity ({; Fig. 4a) and horizontal divergence (y; Fig. 4b), although
Figures 4a-4b are dominated by much finer horizontal scales whose contributions are amplified
when spatial derivatives are taken to calculate the relative vorticity and horizontal divergence
(C. Wang et al., 2023b). Constrained by the wave dynamics, most energies of the wavy motion
are distributed at tidal frequencies and along dispersion relation curves of the first and second-
mode IGWs as shown by the frequency-wavenumber spectra (Figs. 5a and 5d) which are
computed after the decomposition is applied to each snapshot of SSH and SSV. Note that the
spectral energies of IGWSs in Figs. 5a and 5d fold back into the subinertial band at ~0.1 cpkm
after reaching the highest frequency (i.e., 0.5 cph) because IGWs with a frequency higher than
0.5 cph are aliased in the hourly snapshot output of the LLC4320 simulation (C. Wang et al.,
2022). This suggests that the proposed decomposition approach can well handle the aliasing
problem, and can thus successfully recover the aliased IGWs in the decomposed wavy
variables. By contrast, spectral energies of the vortical motion in the South China Sea (Figs.
5b and 5e) are mostly subinertial. Vortical SSH and SSV (Figs. 3d-3f) consistently display
mesoscale features that are in geostrophic balance. Also present, especially in the zonal velocity
(Fig. 3e), are submesoscale flows which can be more readily identified in Fig. 4c as high-
vorticity stripes following the large-scale circulation in the southern part of the domain. By
construction (i.e., Equation 1b), the decomposition approach yields vortical motions with
exactly zero horizontal divergence (Fig. 4d). As shown in Figs. 5a (5b) and 5d (5e), some

vortical (wavy) energies leak into the wavy (vortical) motions. For example, there exist
10
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enhanced energies at tidal frequencies in spectral densities for decomposed vortical variables,
and evident subinertial energies in spectral densities for wavy variables. Despite this leakage,
the ratios of wavy to vortical spectral densities (Figs. 5¢ and 5f) illustrate that baroclinic tides,
non-tidal IGWs of the first, second and higher modes and the aliased IGWs have already been

satisfactorily extracted, with ~1/10 wavy energies leaking.

Comparatively, wavy motions in the Kuroshio Extension are dominated by highly
incoherent baroclinic tides with irregular spatial patterns (Figs. 3g-3i, 4e-4f) and still well
constrained by dispersion relations of IGWs (Figs. 5g, 5j, 5i and 51). With most IGWs extracted
(Figs. 5h and 5k), the decomposed vortical motions (Figs. 3j-31 and 4g-4h) include mesoscale
eddies (one of which is highlighted in Figs. 3j-3I by a red box) and submesoscale eddies (one
of which is emphasized by a black box). Submesoscale filaments with high vorticity (Fig. 49)
are also seen especially along the large-scale circulation. Overall, the applications in the South
China Sea and around the Kuroshio Extension suggest that the decomposition approach works

well irrespective of the dynamical regime of interest.

11
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Fig. 3. Example snapshot of the decomposed SSH (#; a, d, g, j), zonal velocity (U; b, e, h, k)
and meridional velocity (V; c, f, i, I) associated with wavy (a-c, g-i) and vortical (d-f, j-1)
motions in the South China Sea (a-f) and around the Kuroshio Extension (g-1). Red and black

boxes in (j, k, 1) highlight mesoscale and submesoscale eddies, respectively.
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Fig. 4. Example snapshot of the decomposed relative vorticity ({; a, ¢, e, g) and horizontal
divergence (y; b, d, f, h) associated with wavy (a, b, e, f) and vortical (c, d, g, h) motions in the
South China Sea (a-d) and around the Kuroshio Extension (e-h). The green contours in (c, g)

denote SSH of large-scale currents.
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Fig. 5. SSH frequency-wavenumber spectra (a, b, g, h) of wavy (a, d, g, j) and vortical (b, e, h,
k) motions, horizontal kinetic energy frequency-wavenumber spectra (d, e, j, k) of wavy and
vortical motions and spectral density ratios (c, f, i, I) of wavy to vortical motions in the South
China Sea (a-f) and around the Kuroshio Extension (g-1). The dashed magenta lines denote

dispersion relation curves for IGWs of the first and second baroclinic modes.

3.2 Comparison with the baseline
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The usefulness of the proposed snapshot-based decomposition approach has been
demonstrated in Section 3.1. For further demonstration, this section compares our decomposed
results with their baseline counterparts from the dynamical decomposition approach devised
by C. Wang et al. (2023a) as mentioned in Section 2.2. Figures 6-8 display a snapshot of the
baseline results, together with the root mean square (RMS) errors and correlation coefficients
between our snapshot-based decomposed results and baseline results. For wavy motions in the
South China Sea, the snapshot-based decomposed results (Figs. 3a-3c) agree well with the
dynamically-decomposed baseline results (Figs. 6a-6¢) in terms of both the pattern and
magnitude. The agreement carries over to the whole study period since the RMS errors of wavy
SSH (SSV) are generally smaller than 0.008 m (0.06 m/s) over the entire domain and negligible
(Figs. 7a-7c) compared with the typical magnitude of wavy SSH (SSV). Furthermore, the
magnitudes of wavy variables given respectively by snapshot-based and dynamical
decompositions temporally evolve in a consistent manner as shown by the extremely high
correlations, which are above 0.8, over the whole domain except for the edges due to the
windowing effect (Figs. 8a-8c). By contrast, RMS errors (correlation coefficients) for vortical
motions in the South China Sea are larger (smaller) than those for wavy motions, which is not
beyond acceptance though. This is accessible since vortical motions in this region are much
weaker than wavy motions as mentioned in Section 2.2 and shown in Figs. 3a-3f and thus any
energy leakage of the same magnitude will adversely affect vortical motions more significantly
than wavy motions. By contrast, around the Kuroshio Extension, vortical motions are more
accurately isolated than wavy motions since vortical motions in this region dominate its wavy
counterparts as mentioned in Section 2.1 and shown in Figs. 3g-3l. Otherwise, the proposed
decomposition yields consistent results with the baseline results around the Kuroshio Extension.
In general, the comparisons with the baseline results in the South China Sea and around the
Kuroshio Extension confirm that the proposed snapshot-based decomposition performs well in
contrasting dynamical regimes, given that such a decomposition is challenging with only
snapshot SSH and SSV available.
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Fig. 6. As in Fig. 3, but for the baseline results. Note that the ranges of colorbars are the same
as those of Fig. 3.
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Root Mean Square Errors in the South China Sea; 2012-03
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Fig. 7. The root mean square errors between the decomposed wavy variables and their baseline
counterparts (a-c, g-i) and root mean square errors between the decomposed vortical variables
and their baseline counterparts (d-f, j-1) in the South China Sea (a-f) and around the Kuroshio
Extension (g-1). The left (a, d, g and j), middle (b, e, h and k), and right (c, f, i and I) columns
show SSH, zonal velocity and meridional velocity, respectively. Note that the ranges of

colorbars are the same as those of Figs. 3 and 6.
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Correlation in the South China Sea; 2012-03
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Fig. 8. The pointwise correlation coefficients between the decomposed wavy variables and
their baseline counterparts (a-c, g-i) and pointwise correlation coefficients between the
decomposed vortical variables and their baseline counterparts (d-f, j-1) in the South China Sea
(a-f) and around the Kuroshio Extension (g-1). The left (a, d, g and j), middle (b, e, h and k),
and right (c, f, i and I) columns show SSH, zonal velocity and meridional velocity, respectively.

4. Summary and Discussion
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Wide-swath satellite missions will concurrently observe SSH and SSV over a two-
dimensional region along their tracks but with a long revisit period. It is a formidable challenge
to extract various flow components from these observations. This study has shown that the
property that wavy motions do not induce any potential vorticity anomaly can be used to
develop an approach for decomposing a pair of SSH and SSV snapshots into wavy and vortical
components. Proof-of-concept applications to flows from a realistic tide-resolving and
submesoscale-admitting simulation have demonstrated that the proposed dynamics-based
approach works well in disentangling wavy and vortical motions in contrasting dynamical
regimes; satisfactory performances are achieved both in the South China Sea with strong wavy
motions but weak vortical motions and around the Kuroshio Extension with strong vortical
motions but weak wavy motions. One immediate application of the proposed decomposition
approach is to analyze the outputs of high-resolution tide-resolving numerical simulations and
develop the parameterization schemes for isopycnal mixing by vortical motions and diapycnal
mixing by wavy motions. Another anticipated application involves SSH and SSV
measurements in the real ocean. Currently, SSV data from high-frequency radars distributed
along the coast and SWOT SSH data are already available and could, in principle, be used for
such a decomposition. Such application will probably reveal some interesting coastal

phenomena.

While this study represents a useful attempt, several caveats should be noted. First of all,
the proposed decomposition is formulated based on the interior quasi-geostrophic theory; thus
wind and buoyancy forcing on the ocean surface, which are two main sources/sinks of potential
vorticity, are overlooked. Wind forcing basically yields an Ekman flow which is usually of a
large scale and aiready excluded when the detrending is conducted (C. Wang et al., 2023b) as
mentioned in Section 2.3. Therefore, wind forcing will not significantly impact our results. The
contribution from buoyancy forcing (e.g., diabatic heating) can be described by the surface
quasi-geostrophic dynamics. However, the application of the surface quasi-geostrophic theory
requires one more surface variable (i.e., sea surface density) in addition to SSH and SSV;
furthermore, the surface quasi-geostrophic theory only achieves high efficiency in oceanic
regions with intense mesoscale activity, especially during winter (Gonzalez-Haro and Isern-
Fontanet, 2012, 2014). Given that the ultimate goal is to only utilize SSH and SSV to achieve
a general decomposition, the quantification of the contribution from buoyancy forcing is
beyond the scope of this study but deserves future attention.
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Second, to propose a practical and useful snapshot-based decomposition, the effective
deformation radius is introduced to reduce the three-dimensional PV inversion to a two-
dimensional problem. In practice, the effective deformation radius is not known a priori.
Considering that (i) most of the geostrophic kinetic energy is captured by the barotropic and
first baroclinic modes ( Wunsch, 1997; Smith and Vallis, 2001) and (ii) the barotropic mode is
mostly removed during the detrending (C. Wang et al., 2023b), we have utilized the first
baroclinic deformation radius to re-conduct the disentanglement. It is found that vortical and
wavy motions are still satisfactorily separated (see Fig. S1 in Supplementary Material); in
particular, submesoscale eddies are again correctly attributed to vortical motions (see Fig. S2
in Supplementary Material). It is thus suggested that the first baroclinic deformation radius is
used instead whenever the effective one is not available. In addition, we would like to
emphasize that the reduction to a two-dimensional PV inversion is probably the main reason
for the energy leakage mentioned in Section 3. If instantanecus three-dimensional fields of
pressure and horizontal velocities were available, the reduction would be unnecessary, and a
more accurate decomposition would be anticipated. In fact, an intelligent unmanned observing
system is being developed to measure the three-dimensional ocean at a swift rate (Dong et al.,

2023). A three-dimensional view of the ocean is on the horizon.

Last, although it correctly attributes submesoscale flows to vortical motions, the main
drawback of the proposed decomposition is to assume that all vortical motions are in
geostrophic balance, which may become invalid for high-frequency submesoscale motions. To
address this drawback, more advanced initialization techniques that do not involve any
geostrophy-like assumption a priori, such as the nonlinear normal mode initialization (Baer
and Tribbia, 1977, Machenhauer, 1977), digital filter initialization (Lynch et al., 1997; Lynch
and Huang, 1992), optimal potential vorticity balance (Viudez and Dritschel, 2004), optimal

balance (Masur annd Oliver, 2020), can be invoked instead.
Data Availability Statement

The LLC4320 simulation output can be downloaded from
https://data.nas.nasa.gov/ecco/data.php?dir=/eccodata/lic_4320. The code to conduct the
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https://doi.org/10.5281/zen0odo.11392014.
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