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The Arctic Ocean was modeled as an ice-seawater—sediment system, where the ice cover and seawater were
assumed to be inhomogeneous solid and liquid, respectively, while the sediment was assumed to be homoge-
neous liquid. Transfer matrixes relating the displacements and stresses at the lower surface and those at the upper
surface for a thin solid layer, and a thin liquid layer were derived. Furthermore, a dispersion equation for waves
propagating in the ice-covered Arctic Ocean was derived using the transfer matrix technique. The phase- and
group-velocity dispersion curves were obtained by solving the dispersion equation numerically. The results show
that the dispersion curves for the Arctic Ocean with ice cover are much more complex than those without ice
cover. Except for the new mode, the phase-velocity curve for the n-th (n > 2) mode exhibited a slight distortion,
which caused a sharp peak in the group-velocity curve. These peak values, which depend on the order of the
mode, may be significantly higher than the speed of sound in seawater. The variation of the ice cover thickness
had significant influence on the dispersion curves of the first and second modes. Moreover, the influence of the
seawater depth on the dispersion curves were investigated.

1. Introduction

Acoustic propagation in the ice-covered Arctic Ocean has great sig-
nificance in both military and civil area. Several studies have been
conducted on acoustic propagation in the Arctic Ocean in the past
century. In 1959, a series of experiments (Kutschale, 1961) were per-
formed to investigate acoustic propagation in the central Arctic Ocean,
where Trinitrotoluene (TNT) was used as the explosive acoustic source
and hydrophones and geophones were used to detect acoustic signals in
the water and on the ice surface, respectively. In these experiments, at
least two normal modes were observed at a distance of up to 1150 km
from the source. The dispersion curves obtained in these experiments
were in good agreement with theoretical results (Kutschale, 1961).
Hunkins and Kutschale (1963) investigated the dispersion of acoustic
propagation on the Arctic continental shelf, north of Alaska at
short-range (between 2 and 10 km) and long-range (between 50 and
250 km) distances. Diachok (1976) investigated the influence of ice
ridges on acoustic propagation in the central Arctic Ocean using the Ray
theory and Burke Twersky (BT) scattering models. Lepage and Schmidt
(1994) studied low-frequency transmission loss in the central Arctic
using the normal model KRAKEN and perturbation theory.

In recent years, sea ice has become thinner and the ice-covered area
has become smaller owing to the rapid rise in the global annual average
temperature (Miinchow et al., 2014; Shroyer et al., 2017; Kwok and
Rothrock, 2009), which is convenient for performing human activities in
the Arctic. Studying acoustic propagation in the under-ice environment
is important for performing human activities in the Arctic, such as
oceanographic surveys and exploration of submarine oil and gas re-
sources (Frank and Ivakin, 2018; Freitag et al., 2015; Keen et al., 2018).
Gavrilov and Mikhalevsky (2006) studied the transmission loss between
the Franz Victoria Strait and the Lincoln Sea in the Arctic using data
from Arctic climate observations. Hope et al. (2017) studied
low-frequency acoustic propagation underneath rough Arctic sea ice
using the full wave integration model, OASES. Penhale et al. (2018)
performed several experiments to investigate the transmission loss of
multipath propagation in the shallow Arctic Ocean. Liu et al. (2019)
studied the impulse response and transmission loss in the Petermann
Fjord Arctic by combining the ray model, BELLHOP, and the reflecting
model. All the aforementioned studies showed that ice cover and sound
speed profile are the two key factors affecting acoustic propagation in
the Arctic Ocean.

The spatial distribution of ice cover in the Arctic is complex. The

* Corresponding author. College of Ocean and Earth Sciences, Xiamen University, Xiamen, 361102, China.

E-mail address: liusx@xmu.edu.cn (S. Liu).

https://doi.org/10.1016/j.dsr.2024.104301

Received 29 June 2023; Received in revised form 29 March 2024; Accepted 16 April 2024

Available online 17 April 2024
0967-0637/© 2024 Elsevier Ltd. All rights reserved.


mailto:liusx@xmu.edu.cn
www.sciencedirect.com/science/journal/09670637
https://www.elsevier.com/locate/dsri
https://doi.org/10.1016/j.dsr.2024.104301
https://doi.org/10.1016/j.dsr.2024.104301
https://doi.org/10.1016/j.dsr.2024.104301
http://crossmark.crossref.org/dialog/?doi=10.1016/j.dsr.2024.104301&domain=pdf

S. Liu et al.

Deep-Sea Research Part I 208 (2024) 104301

L T

p[l.uj 4 ClL,n;

P> Cm 1

s Sediment

h 4
I LA T EETEELTL AL LT AL ST

A A=

Seafloor

Fig. 1. Arctic Ocean acoustic model.

dimension and acoustic parameters of ice cover change with climate and
season (Haas et al., 2010; Schwarz et al., 1977; Jezek et al., 1990).
Generally, ice cover is thinner in summer than it is in winter.
One-year-new ice covers are loose and high in salt content, but
multi-year-old ice covers are hard and brittle. Ice covers are composed of
different layers of ice from various years, exhibiting stratified distribu-
tion. These layers have different densities and elastic constants. The
elastic medium (McCammon and Mcdamoel, 1985) and ice ridge models
(Burke and Twersky, 1966) are often used to study the effect of ice cover
on acoustic propagation. The former focuses on the effects of thickness
and acoustic parameters of ice cover on acoustic propagation, whereas
the latter focuses on the effect of ice ridges. The Arctic Ocean has a
typical positive sound velocity gradient, which causes the acoustic
waves to refract upward (Mikhalevsky et al., 1999).

The normal model is one of the most popular methods used to
simulate underwater low-frequency acoustic propagation owing to its
clear physical concept, accurate result, and high computation efficiency.
Although there are many published works on the application of the
normal model for open waters (Porter and Reiss, 1984; Porter and Reiss,
1985; Boyles, 1983), most of them are not applicable to the Arctic Ocean
with ice cover. Therefore, to analyze acoustic propagation in the Arctic
Ocean (Keen et al., 2018; Collis et al., 2016), it is necessary to develop an
under-ice normal model. In this study, the Arctic Ocean was assumed to
be an ice (solid)-seawater (liquid)-sediment (liquid) system, where the
ice cover and seawater were divided into n; and ny thin homogeneous
layers, respectively. Then, the dispersion equation for waves propa-
gating in the ice-covered Arctic Ocean was derived using the transfer
matrix technique. Moreover, the phase- and group-velocity dispersion
curves were obtained by solving the dispersion equation numerically.
The influence of ice cover on dispersion was analyzed based on the
dispersion curves corresponding to the waves in the Arctic Ocean with
and without ice cover. Compared with the method presented by Kut-
schale (1961), the method presented herein is applicable to the Arctic
Ocean with depth-varying sound speed and density. Moreover, it can be
used to study high-frequency acoustic-wave propagation in deep water.

2. Arctic Ocean acoustic model

The Arctic Ocean acoustic model is shown in Fig. 1. Media I, II, and
III are ice cover, seawater, and sediment, respectively. Their thicknesses
are hy, hy, and hs, respectively. To simplify the model, the ice cover is
assumed to be an elastic solid. Its density, longitudinal and transverse
wave velocities are p;(z), ct(2) and ] (2), respectively. The density and
sound velocity corresponding to seawater are p;(z) and cy(2), respec-
tively. The sediment is assumed to be a homogeneous liquid layer sup-
porting only longitudinal waves (Jensen et al., 2011; He et al., 2023). Its
density and sound velocity are p;; and cm, respectively. The upper
surface of the ice cover is free, whereas the lower surface of the sediment
isrigid. A cylindrical coordinate system is used in this study. Its origin is
located at the interface between media I and II, whereas its r and z axes
are parallel and normal to the interface, respectively. Only axisymmetric
waves propagating along the r direction were considered in this study.

Ice cover is divided into n; layers for the purpose of convenient
deriving. The thickness of each thin ice layer is Ah; = hy/n;. When Ah; is
small enough, each thin ice layer can be assumed to be homogeneous.
The density, longitudinal and transverse wave velocities corresponding
to the i-th thin ice layer are p;;, cf; and c{; (i=1, 2, ..., n1), respectively.
Similarly, Seawater is divided into ny thin layers, and the thickness of
each seawater layer is Ahy = hp/ny. The density and sound velocity
corresponding to the j-th seawater layer are py; j and c; (=1, 2, ..., na),
respectively.

3. Theory
3.1. Displacement and stress

In Fig. 1, assuming that the displacement potential functions corre-
sponding to the longitudinal and transverse waves in the i-th (i=1, 2, ...,
ny) thin ice layer are ¢;; and y;;, respectively, and those corresponding
to the j-th (j=1, 2, ..., n2) thin seawater layer and the sediment are ¢y;;
and ¢y, respectively, we have
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kind of Bessel function of order zero. The time variable ¢ is omitted
from Egs (1)-(4) and the succeeding equations.

According to the relationship between displacement, stress, and
displacement potential function (Eringen and Suhubi, 1975), the dis-
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where y;; = ,o“(cITl)2 is the second Lame constants of the i-th thin ice
layer. The normal displacement uf; ; and normal stress of; corresponding
to the j-th thin seawater layer are described as

Ui = alw( — Ay, sin ayjz + By cos awz)Jg(fr), 9
and
aﬁ'J = — pHJ-cu2 (AHJ cos aqi,;z + By sin an_jz)Jg(fr). 10)

The normal displacement uf;; and normal stress ¢ corresponding to
the sediment are described as

uly, = am( — A sin amz + B cos amz)Jo(Er), 1D
and
6% = — py@* (Am cos amz + B sin amz)Jo (Er). 12
3.2. Transfer matrix
3.2.1. Transfer matrix of a thin ice layer

Assuming the upper and the lower surfaces of the i-th (i=1, 2, ..., n;)

thin ice layer are located at h; and h; 1 = h;+ Ahy, respectively. Ac-
cording to Egs. (5)-(8), the displacements and stresses at the lower
surface of the i-th ice thin layer are given by

52 Cos (ﬂl_ihi+|)fo(§") 52 Sin(ﬂl,ihHI)JO(fr)

_5/”1,; sin (ﬁl,ih[+l )J(')(fr) &Py cos (/}l.thl )J;](fr) 2;'
*zﬂl,ifz/’)l.f sin (ﬁl,fhi+l)10 (ér) 2/‘1‘1'52/}1,[ €os (ﬂl.ihi+l)‘]0 (ér) G|’

13)

and the displacements and stresses at the upper surface of the i-th ice

— Gy sin By 2+ Dy; cos By,2) |y (ér), (6) thin layer are given by
v —ay sin(ay ) Jo(Er) ay; cos(ayih;)Jo(ér) & cos(Byhi)Jo(&r) & sin(By;hi)Jo(r)
Li . , , A
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W _ Li
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14
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o% =, £ ﬁii ( Ay cos a2+ By sin auz) ey A ( E.hmmatmg constants Aj;, By;, Ci; and Dy; in Egs. (13) and (14), we
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— Cy; sin B,z + Dy cos ﬂ,‘iz)]Jo(.’;r), 7) vl ] :MI.iUI,iL:h ’ (15)
and T s s 1 .
where Uy; = [uf;, uf;, o1, of3] , superscript “T” indicates transposing; M
o =y [20,“( — Ay sin ay;z+ By, cos ay;z) + (52 is the transfer matrix corresponding to the i-th thin ice layer. My is given
by
- /}lzr) (Cl»i cos f;z+ Dy, sin /}1,12)}]0(5’"): (€)



S. Liu et al.

—ay; sin(ay i1 ) Jo (€r)
fcos((xl, ,+1) o(é7)
M= ﬂl,i(‘f

_QMIlahésm(aI, ,+|) (5’”)

ay cos (ay i) Jo(ér)
&sin(aihis1 ) J(ér)

—ay sin(ay, ;) Jo (&r)
&cos (fll.ihi)j()(f”)

ay; cos (arih;) Jo (&)
Esin(aih;)J o(&r)

=21y ;0,:€ sin (o iy ,) o(ér)

where superscript “-1” indicates inversing. The elements of M;;, which
are given in Appendix A, can be obtained through simplifying Equation
(16).

3.2.2. Transfer matrix of a thin seawater layer

The upper and lower surfaces of the j-th (j=1, 2, ..., np) seawater thin
layer are located at (j-1)Ahy and jAhy, respectively, as shown in Fig. 1.
According to Egs. (9) and (10), the normal displacement and normal
stress at the lower surface of the j-th seawater thin layer are given by

|:Mf1:f:| _ { —a sin(aH_JjAhz)
Ah

y 2 :
i o —p,; 0" cos (ajAh;)

A, COS (aI[_jjAl’lz) AHJ'
*Pll,/wz sin (aII.jjAhZ) By, |

a7

Similarly, the normal displacement and normal stress at the upper
surface of the j-th seawater thin layer are given by

aII.j CcOS [allj(j — 1)Al’l2}

Ty, o —pu;o* cos[an;(j — 1)Ahy]  —py 0 sin[an;(j — 1)Ah,]

|:ufl_j:| _ |: —on,; sin [anl/(]. — I)Ahz]
(i=D)ahy

Eliminating constants Ay and By in Egs. (17) and (18), we obtain

UuJL;jMZ :MuJUuJL:(H)AhZ, 19

where Uy = [uf;; 00 J] My, is the transfer matrix corresponding to the
j-th thin seawater layer whose elements are given by

(Mu;),, = (Mu;),, =cos(au;Ahy), (20)
ay sin (o ;Ahy)
(M), PR (21)
II,/
and
2 .
(i), — —2n”SnlenAl), (22)

g

Similarly, the relationship between the normal displacement and
normal stress at the lower surface and those at the upper surface of the
sediment is given by

UIII

=hythy M Un ‘Z*hz ) (23)
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where Uy = [t 6%]", My is the transfer matrix corresponding to the
sediment whose elements can be obtained by replacing axj, py; and Ahy
in Egs. (20)-(22) with o, py; and hs, respectively.

3.3. Dispersion equation

The top surface of ice cover is free, so the following equations can be
obtained:

ol _, =0
Tlz=—my
. (24)
g =0
z=—h;
The interface between the i-th and (i+1)-th (i=1,2,--,n; — 1) thin
ice layers satisfies
Ay,
e (18)
By,
Li z:—h|+iAh1 Uit 2=—hy +ilhy
" =u .
R PRV Rl PRV 25)
— o= ‘
L) PV L PRV
grz_ — o.rz_
Ly viam Lot vian,
The ice-water interface satisfies
Z — Z
Uy, o Uy ‘270
ot | =i - (26)
of,| =0
The interface between j-th and (j+1)-th (j=1,2,--,ny — 1) thin
seawater layers satisfies
U =us
1L iy Lj+1 iy @7
6:2 . — 2z X
Wilocjan, M |jan,
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The water-sediment interface satisfies

= u |
1 | ,—p,
z=h =m
? . (28)
— %
n it

z=h

Z
Uiy

2z
Gil,nz

z=hy
The bottom surface of the sediment satisfies

(29)

Uy }z:hz+hg =

The displacements and the stresses at the lower surface of the n;-th
thin ice layer can be expressed by the displacements and the stresses at
the upper surface of the first thin ice layer through Egs. (15) and (25), i.
e,

Uiy |y =My My My U |, =MU | -

=

(30)

The normal displacement and normal stress at the lower surface of
the sediment can be expressed by the normal displacement and normal
stress at the upper surface of the 1st thin seawater layer through Egs.
(19) and (23) and Egs. (27) and (28), i.e.,

Uy =l — MMy, My, 1 ++-Mig Uy L:O =My Uy, | (€28)

z=0"

Setting i=1 in Egs. (7)-(8) and substituting them into Eq. (24),
setting i=n; in Eq. (5) and Egs. (7)and (8), setting j=1 in Egs. (9)and (10)
and substituting them into Eq. (26), substituting Eq. (11) into Eq. (31),
and making use of Egs. (30)-(31), we can obtain the following equation

MA =0, (32)

where A = [A]J,Bl.l, CLl,DL],AIH,BH[]T, M is a 6 x 6 matrix whose el-
ements are given in Appendix B. The determinant corresponding to the
matrix M must be zero, i.e.,

f(@,6) =M =0 (33)
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for the constants Ay1,Bi1,Ci1,Di1,Am,, and By to have nonzero so-
lutions. This is the dispersion equation for waves propagating in the
Arctic Ocean with ice cover.

4. Numerical results
4.1. Algorithm introduction

The dispersion curves for waves propagating in the Arctic Ocean
with ice cover were obtained by numerically solving the dispersion
equation (i.e., Eq. (33)). First, the w — £ dispersion curves were obtained
using the bisection method. Then, the phase- and group-velocity
dispersion curves were obtained using ¢, = /& and ¢, = dw/dé,
where ¢, and ¢, are the phase- and group-velocities, respectively.

For a wavenumber &, (n = 1,2, ---, N), the angular frequency wm,
(m =1,2,---,M) that satisfied the dispersion equation f(wmn, &,) = 0 was
determined using the bisection method. The criterion for the determi-
nation was that Aw should be small enough to avoid the omission of
roots. However, if Aw is too small, the computation will be time-
consuming. To improve the computation efficiency and avoid the
omission of roots, an adaptive bisection scheme was used in this study.
The scheme is summarized as follows:

i) For the first wavenumber &, a fixed searching step is used to find
M roots of f(w,&;) = 0, which are denoted as oy (m=1,2, ...,

2.0

¢, (km's)
o

1.0

0.6 ’ i , ) i
0 10 20 30 40 30 60 70 80

Frequency (kHz)
Fig. 4. Frequency-group velocity distribution corresponding to the received

transient waveform and the group-velocity dispersion curves obtained by
solving the dispersion equation.

Normalized amplitude

Time(ms)

Fig. 3. Time waveform of the applied external force (a) and normal displacement at the receiving point R (b).
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M). The intervals between adjacent roots are denoted as Awp,; (m
=1,2,...,, M-1).

ii) For the second wavenumber &,, the step size is adjusted according
to w1 and Awp . For example, the step size is set as Awp,1 / l when
® approaches w;;, where [ is a constant. M roots satisfying
f(w, &) =0 are denoted as w2 and the intervals between the
adjacent roots are denoted as Awpz (M =1, 2, ..., M-1).

iii) Similarly, for the wavenumber &, (n = 3,4, ---)N), the step size is
adjusted according to @m(p—1) and Awpp-1) corresponding to the
wavenumber &, ;.
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4.2. Verification of codes

The reliability of the calculation codes developed in this study was
verified. The verification procedure is as follows:

(1) Transient waves in the ice-seawater-sediment system were
simulated using the finite element method (FEM). A small three-
layered structure, as shown in Fig. 2, was used as an example. The
densities of ice, seawater, and sediment were 1000 (Li et al.,
2014), 1000, and 1600 kg/m3 (Li et al., 2014), respectively. The
thicknesses of ice, seawater, and sediment were 0.004, 0.04, and
0.008 m, respectively. Seawater was composed of two layers with
equal thicknesses. The radius of the three-layered structure was
20 m. An external force F was applied at the origin O, and the
receiving point R was located on the upper surface of the ice, as
shown in Fig. 2. The distance between the exciting and receiving
points was 6 m. Axisymmetric elements with a mesh size of 0.4
mm x 0.4 mm were used in the simulation. The external force
was a windowed single sine pulse signal with a center frequency
of 200 kHz, as shown in Fig. 3(a). The velocities corresponding to
the longitudinal and transverse waves in ice were 3000 and 1400
m/s, respectively (Li et al., 2014). The sound speeds at the upper
and lower seawater layers were 1440 and 1470 m/s, respectively.
The sound speed at the sediment was 1580 m/s (Li et al., 2014).
Fig. 3(b) shows the received waveform of the transient normal
displacement.

2

—

The time-frequency distribution of the received waveform was
obtained using the short-time Fourier transform (STFT). The time
axis in the time-frequency distribution was converted into group
velocity as the time reflects the speed of wave propagation.

100
(b)

80 -

[0l S .

1

40 | ¥

0.6 0.9 12 15
g(mb

Fig. 6. Relative error of the numerical results for Ah, = 1 m and those for Ahy = 2, 4, and 8 m when solving the dispersion equation for waves propagating at a 500
m-depth of the Arctic Ocean shown in Fig. 5(a) with ice cover: (a) first mode and (b) 100th mode.
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Fig. 7. Dispersion curves for waves propagating at a 500 m-depth of the Arctic Ocean, shown in Fig. 5(a), without ice cover (solid lines) and in a 2 m-thick free ice

cover (dotted lines): (a) phase-velocity curves and (b) group-velocity curves.
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Fig. 9. Dispersion curves of the first several modes for waves propagating at a 500 m-depth of the Arctic Ocean, shown in Fig. 5(a), with (scatters) and without (lines)
ice cover, and in a 2 m-thick free ice layer (dotted lines): (a) phase-velocity curves and (b) group-velocity curves.

Consequently, a frequency-group velocity distribution—the
group-velocity dispersion diagram, was obtained.

(3) The theoretical derivation and the codes developed to solve the
dispersion equation were assumed correct if the group-velocity
dispersion curves obtained from solving the dispersion equation
agree well with the frequency-group velocity distribution of the
transient waves calculated using FEM.

The cloud picture, shown in Fig. 4, is the frequency-group distri-
bution for the transient waveform, shown in Fig. 3(b). The black lines in
Fig. 4 are the group-velocity dispersion curves obtained by solving the
dispersion equation. Their good agreement indicates that both the
theoretical derivation and the codes developed to solve the dispersion
equation are correct.

4.3. Numerical results and discussions

The parameters used in this portion of the study are as follows: the
thicknesses of the ice cover were 2, 4, 6 and 8 m, the thickness of the
sediment were 10 m, and the depths of seawater considered were 500
and 2000 m, respectively. The sound speed profiles at these depths are
shown in Fig. 5. The other parameters were the same as those in Section
4.2. It is noted that the ice cover was assumed homogeneous, and Ah;
was set at hy for the purpose of simplifying analysis here.

The selection of Ahy influences the calculation accuracy. Theoreti-

cally, the smaller the Ahy, the higher the calculation accuracy. However,
the calculation will be time-consuming if Ah; is too small. The numerical
results for Ah; = 1 m were used as a reference. Fig. 6 shows the relative
error between the reference and the results for Ah, = 2, 4, and 8 m at the
500 m-depth Arctic Ocean with ice cover. Fig. 6(a) and (b) present the
results for the first and 100th modes, respectively. The higher the Ah, the
greater the relative error, as shown in Fig. 6; however, the relative error
for Ahy = 8 m was relatively small. The relative errors for the first and
100th modes were less than 0.38x107° and 8.43x107°, respectively,
when ¢ was less than 1.5 m. Note that the results for the high-order
modes were more sensitive to the variation in Ah, than those for the
low-order modes. To minimize the computation time and ensure
computation accuracy, Ahy was set at 2 m in the calculations.

The solid lines in Fig. 7(a) and (b) are the phase- and group-velocity
dispersion curves, respectively, for waves propagating at a 500 m-depth
ocean, shown in Fig. 5(a), without ice cover. The dotted lines in Fig. 7(a)
and (b) are the phase- and group-velocity dispersion curves, respec-
tively, for waves propagating at a 2 m-thick free ice cover. Fig. 8(a) and
(b) show the phase- and group-velocity dispersion curves, respectively,
for waves propagating at a 500 m-depth, shown in Fig. 5(a), with a 2 m-
thick ice cover.

Comparing Figs. 7 and 8 reveals that the dispersion curves for the
waves propagating in the Arctic Ocean with ice cover have significant
differences from those without ice cover. The first difference is that a
new mode, i.e., the first mode appears for the Arctic Ocean with ice
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cover. The phase-velocity of the first mode increases initially with an
increase in frequency and approaches a stable value as the frequency
becomes extremely large, whereas the group-velocity of the first mode
increases initially, then slightly decreases, and finally increases with an
increase in frequency. It approaches a stable value as the frequency
becomes extremely large. The second difference is that the phase-
velocity curves for all modes except the first have a slight distortion
for the Arctic Ocean with ice cover. The slight distortion in the phase-
velocity curve caused a drastic change in the corresponding group-

velocity, which results in several sharp peaks, as shown in Fig. 8(b).
The peak value of the second mode was at its maximum and decreased
with an increase in the mode order.

The dispersion curves for the Arctic Ocean with ice cover were found
to be formed by coupling those without ice cover and those in the ice
cover through further analyzing the dispersion curves. As shown in
Fig. 9, the first mode arises from the first mode in the ice cover, the
second mode is formed by coupling a portion of the second mode in the
ice cover and the latter portion of the first mode in the Arctic Ocean
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without ice cover. The third mode is formed by coupling the former
portion of the first mode in the Arctic Ocean without ice cover, a portion
of the second mode in the ice cover, and the latter portion of the second
mode in the Arctic Ocean without ice cover. Similarly, the n-th (n > 3)
mode is formed by coupling the former portion of the (n-2)-th mode in
the Arctic Ocean without ice cover, a portion of the second mode in the
ice cover, and the latter portion of the (n-1)-th mode in the Arctic Ocean
without ice cover.

Fig. 10 shows that the variation of the ice cover thickness has a great
influence on the dispersion curves of the first and second modes in the
Arctic Ocean. For instance, the phase-velocity curve of the first mode
increases faster and approaches a stable value at a lower frequency as
the ice cover thickness increases. The group-velocity of the second mode
decreases initially and then increases gradually with an increase in
frequency after exceeding a specific value of 393 Hz for a 2 m-thick ice
cover. The thicker the ice cover, the smaller the specific value of the
frequency is. In the calculated frequency range (0-500 Hz), the change
in the ice cover thickness has little influence on the dispersion curves of
the n-th (3 < n < 10) modes; however, it influences those of the n-th
(n > 10) modes to a certain extent. As shown in Fig. 10(f), the peak
values of the group-velocity for the 10th, 20th, and 30th modes decrease
with an increase in the ice cover thickness; however, the frequencies
corresponding to the peak values remain unchanged.

Fig. 11(a) and (b) show the phase- and group-velocity dispersion
curves, respectively, for waves propagating at a 2000 m-depth, shown in
Fig. 5(b), with a 2m-thick ice cover. Comparing Figs. 11 and 8 reveals
that the dispersion curves significantly depend on the seawater depth.
The deeper the seawater, the denser are the dispersion curves, and the
richer is the guided waves in the same frequency range. However, the
coupling mechanism between the seawater and ice cover is the same for
both deep and shallow Arctic Ocean.

5. Conclusions

The transfer matrixes corresponding to thin ice and seawater layers
were derived. Based on this, a dispersion equation for the waves prop-
agating in the ice-covered Arctic Ocean was derived. The dispersion of
waves propagating at depths of 500 and 2000 m were numerically
investigated. The results show that the dispersion curves for the Arctic
with ice cover are significantly more complex than those without ice
cover.

The first mode resulted from the first mode in the ice cover. The
second mode was formed by coupling a portion of the second mode in
the ice cover and the latter portion of the first mode in the Arctic Ocean
without ice cover, whereas the n-th (n > 3) mode is formed by coupling

Appendix A. Elements of transfer matrix M;; (i=1, 2, ..., n1)
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the former portion of the (n-2)-th mode in the Arctic Ocean without ice
cover, a portion of the second mode in the ice cover, and the latter
portion of the (n-1)-th mode in the Arctic Ocean without ice cover. The
phase-velocity curve for the n-th (n > 2) mode exhibited a slight
distortion, which caused a sharp peak in the group-velocity curve
owning to the coupling effect.

The variation of the ice cover thickness had a significant influence on
the dispersion curves of the first and second modes and considerable
influence on those of the n-th (n > 10) mode, whereas it has little in-
fluence on those of the n-th (3 <n < 10) mode. Seawater depth is
another factor affecting the dispersion curves: the deeper the seawater,
the denser the dispersion curves, and the richer the guided waves in the
same frequency range.

The transfer matrix technique developed in this study can be
generalized to the ice-covered Arctic Ocean with other kinds of sediment
modeling, such as elastic solid seafloor, in which both longitudinal and
transverse waves are required to investigate the dynamics. Furthermore,
the theoretical and numerical results obtained in this study are useful for
interpreting the acoustic experimental results in the Arctic Ocean.
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