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A B S T R A C T   

The Arctic Ocean was modeled as an ice–seawater–sediment system, where the ice cover and seawater were 
assumed to be inhomogeneous solid and liquid, respectively, while the sediment was assumed to be homoge
neous liquid. Transfer matrixes relating the displacements and stresses at the lower surface and those at the upper 
surface for a thin solid layer, and a thin liquid layer were derived. Furthermore, a dispersion equation for waves 
propagating in the ice-covered Arctic Ocean was derived using the transfer matrix technique. The phase- and 
group-velocity dispersion curves were obtained by solving the dispersion equation numerically. The results show 
that the dispersion curves for the Arctic Ocean with ice cover are much more complex than those without ice 
cover. Except for the new mode, the phase-velocity curve for the n-th (n > 2) mode exhibited a slight distortion, 
which caused a sharp peak in the group-velocity curve. These peak values, which depend on the order of the 
mode, may be significantly higher than the speed of sound in seawater. The variation of the ice cover thickness 
had significant influence on the dispersion curves of the first and second modes. Moreover, the influence of the 
seawater depth on the dispersion curves were investigated.   

1. Introduction 

Acoustic propagation in the ice-covered Arctic Ocean has great sig
nificance in both military and civil area. Several studies have been 
conducted on acoustic propagation in the Arctic Ocean in the past 
century. In 1959, a series of experiments (Kutschale, 1961) were per
formed to investigate acoustic propagation in the central Arctic Ocean, 
where Trinitrotoluene (TNT) was used as the explosive acoustic source 
and hydrophones and geophones were used to detect acoustic signals in 
the water and on the ice surface, respectively. In these experiments, at 
least two normal modes were observed at a distance of up to 1150 km 
from the source. The dispersion curves obtained in these experiments 
were in good agreement with theoretical results (Kutschale, 1961). 
Hunkins and Kutschale (1963) investigated the dispersion of acoustic 
propagation on the Arctic continental shelf, north of Alaska at 
short-range (between 2 and 10 km) and long-range (between 50 and 
250 km) distances. Diachok (1976) investigated the influence of ice 
ridges on acoustic propagation in the central Arctic Ocean using the Ray 
theory and Burke Twersky (BT) scattering models. Lepage and Schmidt 
(1994) studied low-frequency transmission loss in the central Arctic 
using the normal model KRAKEN and perturbation theory. 

In recent years, sea ice has become thinner and the ice-covered area 
has become smaller owing to the rapid rise in the global annual average 
temperature (Münchow et al., 2014; Shroyer et al., 2017; Kwok and 
Rothrock, 2009), which is convenient for performing human activities in 
the Arctic. Studying acoustic propagation in the under-ice environment 
is important for performing human activities in the Arctic, such as 
oceanographic surveys and exploration of submarine oil and gas re
sources (Frank and Ivakin, 2018; Freitag et al., 2015; Keen et al., 2018). 
Gavrilov and Mikhalevsky (2006) studied the transmission loss between 
the Franz Victoria Strait and the Lincoln Sea in the Arctic using data 
from Arctic climate observations. Hope et al. (2017) studied 
low-frequency acoustic propagation underneath rough Arctic sea ice 
using the full wave integration model, OASES. Penhale et al. (2018) 
performed several experiments to investigate the transmission loss of 
multipath propagation in the shallow Arctic Ocean. Liu et al. (2019) 
studied the impulse response and transmission loss in the Petermann 
Fjord Arctic by combining the ray model, BELLHOP, and the reflecting 
model. All the aforementioned studies showed that ice cover and sound 
speed profile are the two key factors affecting acoustic propagation in 
the Arctic Ocean. 

The spatial distribution of ice cover in the Arctic is complex. The 
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dimension and acoustic parameters of ice cover change with climate and 
season (Haas et al., 2010; Schwarz et al., 1977; Jezek et al., 1990). 
Generally, ice cover is thinner in summer than it is in winter. 
One-year-new ice covers are loose and high in salt content, but 
multi-year-old ice covers are hard and brittle. Ice covers are composed of 
different layers of ice from various years, exhibiting stratified distribu
tion. These layers have different densities and elastic constants. The 
elastic medium (McCammon and Mcdamoel, 1985) and ice ridge models 
(Burke and Twersky, 1966) are often used to study the effect of ice cover 
on acoustic propagation. The former focuses on the effects of thickness 
and acoustic parameters of ice cover on acoustic propagation, whereas 
the latter focuses on the effect of ice ridges. The Arctic Ocean has a 
typical positive sound velocity gradient, which causes the acoustic 
waves to refract upward (Mikhalevsky et al., 1999). 

The normal model is one of the most popular methods used to 
simulate underwater low-frequency acoustic propagation owing to its 
clear physical concept, accurate result, and high computation efficiency. 
Although there are many published works on the application of the 
normal model for open waters (Porter and Reiss, 1984; Porter and Reiss, 
1985; Boyles, 1983), most of them are not applicable to the Arctic Ocean 
with ice cover. Therefore, to analyze acoustic propagation in the Arctic 
Ocean (Keen et al., 2018; Collis et al., 2016), it is necessary to develop an 
under-ice normal model. In this study, the Arctic Ocean was assumed to 
be an ice (solid)–seawater (liquid)–sediment (liquid) system, where the 
ice cover and seawater were divided into n1 and n2 thin homogeneous 
layers, respectively. Then, the dispersion equation for waves propa
gating in the ice-covered Arctic Ocean was derived using the transfer 
matrix technique. Moreover, the phase- and group-velocity dispersion 
curves were obtained by solving the dispersion equation numerically. 
The influence of ice cover on dispersion was analyzed based on the 
dispersion curves corresponding to the waves in the Arctic Ocean with 
and without ice cover. Compared with the method presented by Kut
schale (1961), the method presented herein is applicable to the Arctic 
Ocean with depth-varying sound speed and density. Moreover, it can be 
used to study high-frequency acoustic-wave propagation in deep water. 

2. Arctic Ocean acoustic model 

The Arctic Ocean acoustic model is shown in Fig. 1. Media I, II, and 
III are ice cover, seawater, and sediment, respectively. Their thicknesses 
are h1, h2, and h3, respectively. To simplify the model, the ice cover is 
assumed to be an elastic solid. Its density, longitudinal and transverse 
wave velocities are ρI(z), cL

I (z) and cT
I (z), respectively. The density and 

sound velocity corresponding to seawater are ρII(z) and cII(z), respec
tively. The sediment is assumed to be a homogeneous liquid layer sup
porting only longitudinal waves (Jensen et al., 2011; He et al., 2023). Its 
density and sound velocity are ρIII and cIII, respectively. The upper 
surface of the ice cover is free, whereas the lower surface of the sediment 
is rigid. A cylindrical coordinate system is used in this study. Its origin is 
located at the interface between media I and II, whereas its r and z axes 
are parallel and normal to the interface, respectively. Only axisymmetric 
waves propagating along the r direction were considered in this study. 

Ice cover is divided into n1 layers for the purpose of convenient 
deriving. The thickness of each thin ice layer is Δh1 = h1/n1. When Δh1 is 
small enough, each thin ice layer can be assumed to be homogeneous. 
The density, longitudinal and transverse wave velocities corresponding 
to the i-th thin ice layer are ρI,i, cL

I,i and cT
I,i (i = 1, 2, …, n1), respectively. 

Similarly, Seawater is divided into n2 thin layers, and the thickness of 
each seawater layer is Δh2 = h2/n2. The density and sound velocity 
corresponding to the j-th seawater layer are ρII,j and cII,j (j=1, 2, …, n2), 
respectively. 

3. Theory 

3.1. Displacement and stress 

In Fig. 1, assuming that the displacement potential functions corre
sponding to the longitudinal and transverse waves in the i-th (i=1, 2, …, 
n1) thin ice layer are φI,i and χI,i, respectively, and those corresponding 
to the j-th (j=1, 2, …, n2) thin seawater layer and the sediment are φII,j 

and φIII, respectively, we have 

Fig. 1. Arctic Ocean acoustic model.  
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φI,i =
(
AI,i cos αI,iz+BI,i sin αI,iz

)
J0(ξr), (1)  

χI,i =
(
CI,i cos βI,iz+DI,i sin βI,iz

)
J0(ξr), (2)  

φII,j =
(
AII,j cos αII,jz+BII,j sin αII,jz

)
J0(ξr), (3)  

and 

φIII =(AIII cos αIIIz+BIII sin αIIIz)J0(ξr), (4)  

where αI,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ω/cL
I,i)

2
− ξ2

√

, βI,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ω/cT
I,i)

2
− ξ2

√

,αII,j =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ω/cII,j)
2
− ξ2

√

, 

αIII =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ω/cIII)
2
− ξ2

√

, ξ is the wavenumber along r direction, ω is the 
angular frequency, AI,i, BI,i, CI,i, DI,i (i=1, 2, …, n1), AII,j, BII,j (j=1, 2, …, 
n2), AIII, and BIII are the constants to be determined, and J0(⋅) is the first 
kind of Bessel function of order zero. The time variable ejωt is omitted 
from Eqs (1)–(4) and the succeeding equations. 

According to the relationship between displacement, stress, and 
displacement potential function (Eringen and Suhubi, 1975), the dis
placements uz

I,i and ur
I,i and stress σzz

I,i and σrz
I,i corresponding to the i-th 

(i=1, 2, …, n1) thin ice layer are described as 

uz
I,i=

[
αI,i

(
− AI,i sin αI,iz+BI,i cos αI,iz

)
+ξ2( CI,i cos βI,iz+DI,i sin βI,iz

)]
J0(ξr),

(5)  

ur
I,i = ξ

[(
AI,i cos αI,iz+BI,i sin αI,iz

)
+ βI,i

(

− CI,i sin βI,iz+DI,i cos βI,iz
)]

J′
0(ξr), (6)  

σzz
I,i = μI,i

[(
ξ2 − β2

I,i

)(
AI,i cos αI,iz+BI,i sin αI,iz

)
+ 2ξ2βI,i

(

− CI,i sin βI,iz+DI,i cos βI,iz
)]

J0(ξr), (7)  

and 

σrz
I,i = μI,iξ

[
2αI,i

(
− AI,i sin αI,iz+BI,i cos αI,iz

)
+
(

ξ2

− β2
I,i

)(
CI,i cos βI,iz+DI,i sin βI,iz

)]
J′

0(ξr), (8)  

where μI,i = ρI,i(cT
I,i)

2 is the second Lame constants of the i-th thin ice 
layer. The normal displacement uz

II,j and normal stress σzz
II,j corresponding 

to the j-th thin seawater layer are described as 

uz
II,j =αII,j

(
− AII,j sin αII,jz+BII,j cos αII,jz

)
J0(ξr), (9)  

and 

σzz
II,j = − ρII,jω2( AII,j cos αII,jz+BII,j sin αII,jz

)
J0(ξr). (10) 

The normal displacement uz
III and normal stress σzz

III corresponding to 
the sediment are described as 

uz
III =αIII( − AIII sin αIIIz+BIII cos αIIIz)J0(ξr), (11)  

and 

σzz
III = − ρIIIω2(AIII cos αIIIz+BIII sin αIIIz)J0(ξr). (12)  

3.2. Transfer matrix 

3.2.1. Transfer matrix of a thin ice layer 
Assuming the upper and the lower surfaces of the i-th (i=1, 2, …, n1) 

thin ice layer are located at h′
i and h′

i+1 = h′
i + Δh1, respectively. Ac

cording to Eqs. (5)–(8), the displacements and stresses at the lower 
surface of the i-th ice thin layer are given by  

and the displacements and stresses at the upper surface of the i-th ice 
thin layer are given by   

Eliminating constants AI,i, BI,i, CI,i and DI,i in Eqs. (13) and (14), we 
obtain 

UI,i
⃒
⃒

z=hi+1
=MI,iUI,i

⃒
⃒

z=hi
, (15)  

where UI,i = [uz
I,i, ur

I,i, σzz
I,i , σrz

I,i]
T, superscript “T” indicates transposing; MI,i 

is the transfer matrix corresponding to the i-th thin ice layer. MI,i is given 
by  

⎡

⎢
⎢
⎢
⎢
⎢
⎣

uz
I,i

ur
I,i

σzz
I,i

σrz
I,i

⎤

⎥
⎥
⎥
⎥
⎥
⎦

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

z=hi+1

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− αI,i sin
(
αI,ihi+1

)
J0(ξr) αI,i cos

(
αI,ihi+1

)
J0(ξr) ξ2 cos

(
βI,ihi+1

)
J0(ξr) ξ2 sin

(
βI,ihi+1

)
J0(ξr)

ξ cos
(
αI,ihi+1

)
J′

0(ξr) ξ sin
(
αI,ihi+1

)
J′

0(ξr) − ξβI,i sin
(
βI,ihi+1

)
J′

0(ξr) ξβI,i cos
(
βI,ihi+1

)
J′

0(ξr)

μI,i

(
ξ2 − β2

I,i

)
cos

(
αI,ihi+1

)
J0(ξr) μI,i

(
ξ2 − β2

I,i

)
sin

(
αI,ihi+1

)
J0(ξr) − 2μI,iξ

2βI,i sin
(
βI,ihi+1

)
J0(ξr) 2μI,iξ

2βI,i cos
(
βI,ihi+1

)
J0(ξr)

− 2μI,iαI,iξ sin
(
αI,ihi+1

)
J′

0(ξr) 2μI,iαI,iξ cos
(
αI,ihi+1

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
cos

(
βI,ihi+1

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
sin

(
βI,ihi+1

)
J′

0(ξr)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎣

AI,i
BI,i
CI,i
DI,i

⎤

⎥
⎥
⎦,

(13)   

⎡

⎢
⎢
⎢
⎢
⎢
⎣

uz
I,i

ur
I,i

σzz
I,i

σrz
I,i

⎤

⎥
⎥
⎥
⎥
⎥
⎦

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

z=hi

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− αI,i sin
(
αI,ihi

)
J0(ξr) αI,i cos

(
αI,ihi

)
J0(ξr) ξ2 cos

(
βI,ihi

)
J0(ξr) ξ2 sin

(
βI,ihi

)
J0(ξr)

ξ cos
(
αI,ihi

)
J′

0(ξr) ξ sin
(
αI,ihi

)
J′

0(ξr) − ξβI,i sin
(
βI,ihi

)
J′

0(ξr) ξβI,i cos
(
βI,ihi

)
J′

0(ξr)

μI,i

(
ξ2 − β2

I,i

)
cos

(
αI,ihi

)
J0(ξr) μI,i

(
ξ2 − β2

I,i

)
sin

(
αI,ihi

)
J0(ξr) − 2μI,iξ

2βI,i sin
(
βI,ihi

)
J0(ξr) 2μI,iξ

2βI,i cos
(
βI,ihi

)
J0(ξr)

− 2μI,iαI,iξ sin
(
αI,ihi

)
J′

0(ξr) 2μI,iαI,iξ cos
(
αI,ihi

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
cos

(
βI,ihi

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
sin

(
βI,ihi

)
J′

0(ξr)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎣

AI,i
BI,i
CI,i
DI,i

⎤

⎥
⎥
⎦,

(14)   
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where superscript “-1” indicates inversing. The elements of MI,i, which 
are given in Appendix A, can be obtained through simplifying Equation 
(16). 

3.2.2. Transfer matrix of a thin seawater layer 
The upper and lower surfaces of the j-th (j=1, 2, …, n2) seawater thin 

layer are located at (j-1)Δh2 and jΔh2, respectively, as shown in Fig. 1. 
According to Eqs. (9) and (10), the normal displacement and normal 
stress at the lower surface of the j-th seawater thin layer are given by 
[

uz
II,j

Tzz
II,j

]

z=jΔh2

=

[
− αII,j sin

(
αII,jjΔh2

)
αII,j cos

(
αII,jjΔh2

)

− ρII,jω2 cos
(
αII,jjΔh2

)
− ρII,jω2 sin

(
αII,jjΔh2

)

][
AII,j
BII,j

]

.

(17) 

Similarly, the normal displacement and normal stress at the upper 
surface of the j-th seawater thin layer are given by 

Eliminating constants AII,k and BII,k in Eqs. (17) and (18), we obtain 

UII,j
⃒
⃒

z=jΔh2
=MII,jUII,j

⃒
⃒

z=(j− 1)Δh2
, (19)  

where UII,j = [uz
II,j, σzz

II,j]
T, MII,j is the transfer matrix corresponding to the 

j-th thin seawater layer whose elements are given by 
(
MII,j

)

11 =
(
MII,j

)

22 = cos
(
αII,jΔh2

)
, (20)  

(
MII,j

)

12 =
αII,j sin

(
αII,jΔh2

)

ρII,jω2 , (21)  

and 

(
MII,j

)

21 = −
ρIIω2 sin

(
αII,jΔh2

)

αII,j
. (22) 

Similarly, the relationship between the normal displacement and 
normal stress at the lower surface and those at the upper surface of the 
sediment is given by 

UIII|z=h2+h3
=MIIIUIII|z=h2

, (23)  

where UIII = [uz
III, σzz

III]
T, MIII is the transfer matrix corresponding to the 

sediment whose elements can be obtained by replacing αII,j, ρII,j and Δh2 

in Eqs. (20)–(22) with αIII, ρIII and h3, respectively. 

3.3. Dispersion equation 

The top surface of ice cover is free, so the following equations can be 
obtained: 
⎧
⎨

⎩

σzz
I,1

⃒
⃒
⃒

z=− h1
= 0

σrz
I,1

⃒
⃒
⃒

z=− h1
= 0

. (24) 

The interface between the i-th and (i+1)-th (i= 1, 2,⋯, n1 − 1) thin 
ice layers satisfies 

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

uz
I,i

⃒
⃒
⃒

z=− h1+iΔh1
= uz

I,i+1

⃒
⃒
⃒

z=− h1+iΔh1

ur
I,i

⃒
⃒
⃒

z=− h1+iΔh1
= ur

I,i+1

⃒
⃒
⃒

z=− h1+iΔh1

σzz
I,i

⃒
⃒
⃒

z=− h1+iΔh1
= σzz

I,i+1

⃒
⃒
⃒

z=− h1+iΔh1

σrz
I,i

⃒
⃒
⃒

z=− h1+iΔh1
= σrz

I,i+1

⃒
⃒
⃒

z=− h1+iΔh1

. (25) 

The ice-water interface satisfies 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

uz
I,n1

⃒
⃒
⃒

z=0
= uz

II,1

⃒
⃒
⃒

z=0

σzz
I,n1

⃒
⃒
⃒

z=0
= σzz

II,1

⃒
⃒
⃒

z=0

σrz
I,n1

⃒
⃒
⃒

z=0
= 0

. (26) 

The interface between j-th and (j+1)-th (j= 1,2,⋯, n2 − 1) thin 
seawater layers satisfies 
⎧
⎨

⎩

uz
II,j

⃒
⃒
⃒

z=jΔh2
= uz

II,j+1

⃒
⃒
⃒

z=jΔh2

σzz
II,j

⃒
⃒
⃒

z=jΔh2
= σzz

II,j

⃒
⃒
⃒

z=jΔh2

. (27) 

MI,i =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− αI,i sin
(
αI,ihi+1

)
J0(ξr) αI,i cos

(
αI,ihi+1

)
J0(ξr) ξ2 cos

(
βI,ihi+1

)
J0(ξr) ξ2 sin

(
βI,ihi+1

)
J0(ξr)

ξ cos
(
αI,ihi+1

)
J′

0(ξr) ξ sin
(
αI,ihi+1

)
J′

0(ξr) − ξβI,i sin
(
βI,ihi+1

)
J′

0(ξr) ξβI,i cos
(
βI,ihi+1

)
J′

0(ξr)

μI,i

(
ξ2 − β2

I,i

)
cos

(
αI,ihi+1

)
J0(ξr) μI,i

(
ξ2 − β2

I,i

)
sin

(
αI,ihi+1

)
J0(ξr) − 2μI,iξ

2βI,i sin
(
βI,ihi+1

)
J0(ξr) 2μI,iξ

2βI,i cos
(
βI,ihi+1

)
J0(ξr)

− 2μI,iαI,iξ sin
(
αI,ihi+1

)
J′

0(ξr) 2μI,iαI,iξ cos
(
αI,ihi+1

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
cos

(
βI,ihi+1

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
sin

(
βI,ihi+1

)
J′

0(ξr)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− αI,i sin
(
αI,ihi

)
J0(ξr) αI,i cos

(
αI,ihi

)
J0(ξr) ξ2 cos

(
βI,ihi

)
J0(ξr) ξ2 sin

(
βI,ihi

)
J0(ξr)

ξ cos
(
αI,ihi

)
J′

0(ξr) ξ sin
(
αI,ihi

)
J′

0(ξr) − ξβI,i sin
(
βI,ihi

)
J′

0(ξr) ξβI,i cos
(
βI,ihi

)
J′

0(ξr)

μI,i

(
ξ2 − β2

I,i

)
cos

(
αI,ihi

)
J0(ξr) μI,i

(
ξ2 − β2

I,i

)
sin

(
αI,ihi

)
J0(ξr) − 2μI,iξ

2βI,i sin
(
βI,ihi

)
J0(ξr) 2μI,iξ

2βI,i cos
(
βI,ihi

)
J0(ξr)

− 2μI,iαI,iξ sin
(
αI,ihi

)
J′

0(ξr) 2μI,iαI,iξ cos
(
αI,ihi

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
cos

(
βI,ihi

)
J′

0(ξr) μI,iξ
(

ξ2 − β2
I,i

)
sin

(
βI,ihi

)
J′

0(ξr)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

− 1 , (16)   

[
uz

II,j

Tzz
II,j

]

z=(j− 1)Δh2

=

[
− αII,j sin

[
αII,j(j − 1)Δh2

]
αII,j cos

[
αII,j(j − 1)Δh2

]

− ρII,jω2 cos
[
αII,j(j − 1)Δh2

]
− ρII,jω2 sin

[
αII,j(j − 1)Δh2

]

][
AII,j
BII,j

]

. (18)   
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The water-sediment interface satisfies 
⎧
⎨

⎩

uz
II,n2

⃒
⃒
⃒

z=h2
= uz

III

⃒
⃒

z=h2

σzz
II,n2

⃒
⃒
⃒

z=h2
= σzz

III

⃒
⃒

z=h2

. (28) 

The bottom surface of the sediment satisfies 

uz
III

⃒
⃒

z=h2+h3
= 0. (29) 

The displacements and the stresses at the lower surface of the n1-th 
thin ice layer can be expressed by the displacements and the stresses at 
the upper surface of the first thin ice layer through Eqs. (15) and (25), i. 
e., 

UI,n1

⃒
⃒

z=0 =MI,n1 MI,n1 − 1⋯MI,1UI,1
⃒
⃒

z=− h1
=MIUI,1

⃒
⃒

z=− h1
. (30) 

The normal displacement and normal stress at the lower surface of 
the sediment can be expressed by the normal displacement and normal 
stress at the upper surface of the 1st thin seawater layer through Eqs. 
(19) and (23) and Eqs. (27) and (28), i.e., 

UIII|z=h2+h3
=MIIIMII,n2 MII,n2 − 1⋯MII,1UII,1

⃒
⃒

z=0 =MIIUII,1
⃒
⃒

z=0. (31) 

Setting i=1 in Eqs. (7)–(8) and substituting them into Eq. (24), 
setting i=n1 in Eq. (5) and Eqs. (7)and (8), setting j=1 in Eqs. (9)and (10) 
and substituting them into Eq. (26), substituting Eq. (11) into Eq. (31), 
and making use of Eqs. (30)–(31), we can obtain the following equation 

MA= 0, (32)  

where A = [AI,1,BI,1,CI,1,DI,1,AIII,BIII]
T, M is a 6 × 6 matrix whose el

ements are given in Appendix B. The determinant corresponding to the 
matrix M must be zero, i.e., 

f (ω, ξ)= |M| = 0 (33)  

for the constants AI,1,BI,1,CI,1,DI,1,AIII,1, and BIII,1 to have nonzero so
lutions. This is the dispersion equation for waves propagating in the 
Arctic Ocean with ice cover. 

4. Numerical results 

4.1. Algorithm introduction 

The dispersion curves for waves propagating in the Arctic Ocean 
with ice cover were obtained by numerically solving the dispersion 
equation (i.e., Eq. (33)). First, the ω − ξ dispersion curves were obtained 
using the bisection method. Then, the phase- and group-velocity 
dispersion curves were obtained using cp = ω/ξ and cg = dω/dξ, 
where cp and cg are the phase- and group-velocities, respectively. 

For a wavenumber ξn (n = 1, 2, ⋯, N), the angular frequency ωmn 
(m = 1,2,⋯,M) that satisfied the dispersion equation f(ωmn, ξn) = 0 was 
determined using the bisection method. The criterion for the determi
nation was that Δω should be small enough to avoid the omission of 
roots. However, if Δω is too small, the computation will be time- 
consuming. To improve the computation efficiency and avoid the 
omission of roots, an adaptive bisection scheme was used in this study. 
The scheme is summarized as follows:  

i) For the first wavenumber ξ1, a fixed searching step is used to find 
M roots of f(ω,ξ1) = 0, which are denoted as ωm1 (m = 1, 2, …, 

Fig. 2. Small three-layered solid-liquid-liquid structure.  

Fig. 3. Time waveform of the applied external force (a) and normal displacement at the receiving point R (b).  

Fig. 4. Frequency-group velocity distribution corresponding to the received 
transient waveform and the group-velocity dispersion curves obtained by 
solving the dispersion equation. 
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M). The intervals between adjacent roots are denoted as Δωm1 (m 
= 1, 2, …, M-1).  

ii) For the second wavenumber ξ2, the step size is adjusted according 
to ωm1 and Δωm1. For example, the step size is set as Δωm1/ l when 
ω approaches ωm1, where l is a constant. M roots satisfying 
f(ω, ξ2) = 0 are denoted as ωm2 and the intervals between the 
adjacent roots are denoted as Δωm2 (m = 1, 2, …, M-1).  

iii) Similarly, for the wavenumber ξn (n = 3,4,⋯,N), the step size is 
adjusted according to ωm(n− 1) and Δωm(n− 1) corresponding to the 
wavenumber ξn− 1. 

4.2. Verification of codes 

The reliability of the calculation codes developed in this study was 
verified. The verification procedure is as follows:  

(1) Transient waves in the ice–seawater–sediment system were 
simulated using the finite element method (FEM). A small three- 
layered structure, as shown in Fig. 2, was used as an example. The 
densities of ice, seawater, and sediment were 1000 (Li et al., 
2014), 1000, and 1600 kg/m3 (Li et al., 2014), respectively. The 
thicknesses of ice, seawater, and sediment were 0.004, 0.04, and 
0.008 m, respectively. Seawater was composed of two layers with 
equal thicknesses. The radius of the three-layered structure was 
20 m. An external force F was applied at the origin O, and the 
receiving point R was located on the upper surface of the ice, as 
shown in Fig. 2. The distance between the exciting and receiving 
points was 6 m. Axisymmetric elements with a mesh size of 0.4 
mm × 0.4 mm were used in the simulation. The external force 
was a windowed single sine pulse signal with a center frequency 
of 200 kHz, as shown in Fig. 3(a). The velocities corresponding to 
the longitudinal and transverse waves in ice were 3000 and 1400 
m/s, respectively (Li et al., 2014). The sound speeds at the upper 
and lower seawater layers were 1440 and 1470 m/s, respectively. 
The sound speed at the sediment was 1580 m/s (Li et al., 2014). 
Fig. 3(b) shows the received waveform of the transient normal 
displacement.  

(2) The time-frequency distribution of the received waveform was 
obtained using the short-time Fourier transform (STFT). The time 
axis in the time-frequency distribution was converted into group 
velocity as the time reflects the speed of wave propagation. 

Fig. 5. Sound speed profiles in the Arctic Ocean at depths of (a) 500 m (Li 
et al., 2014) and (b) 2000 m (Hope et al., 2017). 

Fig. 6. Relative error of the numerical results for Δh2 = 1 m and those for Δh2 = 2, 4, and 8 m when solving the dispersion equation for waves propagating at a 500 
m-depth of the Arctic Ocean shown in Fig. 5(a) with ice cover: (a) first mode and (b) 100th mode. 

Fig. 7. Dispersion curves for waves propagating at a 500 m-depth of the Arctic Ocean, shown in Fig. 5(a), without ice cover (solid lines) and in a 2 m-thick free ice 
cover (dotted lines): (a) phase-velocity curves and (b) group-velocity curves. 
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Consequently, a frequency-group velocity distribution—the 
group-velocity dispersion diagram, was obtained.  

(3) The theoretical derivation and the codes developed to solve the 
dispersion equation were assumed correct if the group-velocity 
dispersion curves obtained from solving the dispersion equation 
agree well with the frequency-group velocity distribution of the 
transient waves calculated using FEM. 

The cloud picture, shown in Fig. 4, is the frequency–group distri
bution for the transient waveform, shown in Fig. 3(b). The black lines in 
Fig. 4 are the group-velocity dispersion curves obtained by solving the 
dispersion equation. Their good agreement indicates that both the 
theoretical derivation and the codes developed to solve the dispersion 
equation are correct. 

4.3. Numerical results and discussions 

The parameters used in this portion of the study are as follows: the 
thicknesses of the ice cover were 2, 4, 6 and 8 m, the thickness of the 
sediment were 10 m, and the depths of seawater considered were 500 
and 2000 m, respectively. The sound speed profiles at these depths are 
shown in Fig. 5. The other parameters were the same as those in Section 
4.2. It is noted that the ice cover was assumed homogeneous, and Δh1 
was set at h1 for the purpose of simplifying analysis here. 

The selection of Δh2 influences the calculation accuracy. Theoreti

cally, the smaller the Δh2, the higher the calculation accuracy. However, 
the calculation will be time-consuming if Δh2 is too small. The numerical 
results for Δh2 = 1 m were used as a reference. Fig. 6 shows the relative 
error between the reference and the results for Δh2 = 2, 4, and 8 m at the 
500 m-depth Arctic Ocean with ice cover. Fig. 6(a) and (b) present the 
results for the first and 100th modes, respectively. The higher the Δh, the 
greater the relative error, as shown in Fig. 6; however, the relative error 
for Δh2 = 8 m was relatively small. The relative errors for the first and 
100th modes were less than 0.38×10− 6 and 8.43×10− 6, respectively, 
when ξ was less than 1.5 m. Note that the results for the high-order 
modes were more sensitive to the variation in Δh2 than those for the 
low-order modes. To minimize the computation time and ensure 
computation accuracy, Δh2 was set at 2 m in the calculations. 

The solid lines in Fig. 7(a) and (b) are the phase- and group-velocity 
dispersion curves, respectively, for waves propagating at a 500 m-depth 
ocean, shown in Fig. 5(a), without ice cover. The dotted lines in Fig. 7(a) 
and (b) are the phase- and group-velocity dispersion curves, respec
tively, for waves propagating at a 2 m-thick free ice cover. Fig. 8(a) and 
(b) show the phase- and group-velocity dispersion curves, respectively, 
for waves propagating at a 500 m-depth, shown in Fig. 5(a), with a 2 m- 
thick ice cover. 

Comparing Figs. 7 and 8 reveals that the dispersion curves for the 
waves propagating in the Arctic Ocean with ice cover have significant 
differences from those without ice cover. The first difference is that a 
new mode, i.e., the first mode appears for the Arctic Ocean with ice 

Fig. 8. Dispersion curves for waves propagating at 500 m-depth of the Arctic Ocean shown in Fig. 5(a) with a 2 m-thick ice-cover; (a) phase-velocity curves and (b) 
group-velocity curves. 

Fig. 9. Dispersion curves of the first several modes for waves propagating at a 500 m-depth of the Arctic Ocean, shown in Fig. 5(a), with (scatters) and without (lines) 
ice cover, and in a 2 m-thick free ice layer (dotted lines): (a) phase-velocity curves and (b) group-velocity curves. 
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cover. The phase-velocity of the first mode increases initially with an 
increase in frequency and approaches a stable value as the frequency 
becomes extremely large, whereas the group-velocity of the first mode 
increases initially, then slightly decreases, and finally increases with an 
increase in frequency. It approaches a stable value as the frequency 
becomes extremely large. The second difference is that the phase- 
velocity curves for all modes except the first have a slight distortion 
for the Arctic Ocean with ice cover. The slight distortion in the phase- 
velocity curve caused a drastic change in the corresponding group- 

velocity, which results in several sharp peaks, as shown in Fig. 8(b). 
The peak value of the second mode was at its maximum and decreased 
with an increase in the mode order. 

The dispersion curves for the Arctic Ocean with ice cover were found 
to be formed by coupling those without ice cover and those in the ice 
cover through further analyzing the dispersion curves. As shown in 
Fig. 9, the first mode arises from the first mode in the ice cover, the 
second mode is formed by coupling a portion of the second mode in the 
ice cover and the latter portion of the first mode in the Arctic Ocean 

Fig. 10. Dispersion curves for waves propagating at 500 m-depth of the Arctic Ocean shown in Fig. 5(a) with ice cover of different thicknesses: (a) phase-velocity 
curves and (b) group-velocity curves. 

Fig. 11. Dispersion curves for waves propagating at a 2000 m-depth, shown in Fig. 5(b), with a 2 m-thick ice cover: (a) phase-velocity curves and (b) group- 
velocity curves. 
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without ice cover. The third mode is formed by coupling the former 
portion of the first mode in the Arctic Ocean without ice cover, a portion 
of the second mode in the ice cover, and the latter portion of the second 
mode in the Arctic Ocean without ice cover. Similarly, the n-th (n > 3) 
mode is formed by coupling the former portion of the (n-2)-th mode in 
the Arctic Ocean without ice cover, a portion of the second mode in the 
ice cover, and the latter portion of the (n-1)-th mode in the Arctic Ocean 
without ice cover. 

Fig. 10 shows that the variation of the ice cover thickness has a great 
influence on the dispersion curves of the first and second modes in the 
Arctic Ocean. For instance, the phase-velocity curve of the first mode 
increases faster and approaches a stable value at a lower frequency as 
the ice cover thickness increases. The group-velocity of the second mode 
decreases initially and then increases gradually with an increase in 
frequency after exceeding a specific value of 393 Hz for a 2 m-thick ice 
cover. The thicker the ice cover, the smaller the specific value of the 
frequency is. In the calculated frequency range (0–500 Hz), the change 
in the ice cover thickness has little influence on the dispersion curves of 
the n-th (3 ≤ n < 10) modes; however, it influences those of the n-th 
(n ≥ 10) modes to a certain extent. As shown in Fig. 10(f), the peak 
values of the group-velocity for the 10th, 20th, and 30th modes decrease 
with an increase in the ice cover thickness; however, the frequencies 
corresponding to the peak values remain unchanged. 

Fig. 11(a) and (b) show the phase- and group-velocity dispersion 
curves, respectively, for waves propagating at a 2000 m-depth, shown in 
Fig. 5(b), with a 2m-thick ice cover. Comparing Figs. 11 and 8 reveals 
that the dispersion curves significantly depend on the seawater depth. 
The deeper the seawater, the denser are the dispersion curves, and the 
richer is the guided waves in the same frequency range. However, the 
coupling mechanism between the seawater and ice cover is the same for 
both deep and shallow Arctic Ocean. 

5. Conclusions 

The transfer matrixes corresponding to thin ice and seawater layers 
were derived. Based on this, a dispersion equation for the waves prop
agating in the ice-covered Arctic Ocean was derived. The dispersion of 
waves propagating at depths of 500 and 2000 m were numerically 
investigated. The results show that the dispersion curves for the Arctic 
with ice cover are significantly more complex than those without ice 
cover. 

The first mode resulted from the first mode in the ice cover. The 
second mode was formed by coupling a portion of the second mode in 
the ice cover and the latter portion of the first mode in the Arctic Ocean 
without ice cover, whereas the n-th (n ≥ 3) mode is formed by coupling 

the former portion of the (n-2)-th mode in the Arctic Ocean without ice 
cover, a portion of the second mode in the ice cover, and the latter 
portion of the (n-1)-th mode in the Arctic Ocean without ice cover. The 
phase-velocity curve for the n-th (n > 2) mode exhibited a slight 
distortion, which caused a sharp peak in the group-velocity curve 
owning to the coupling effect. 

The variation of the ice cover thickness had a significant influence on 
the dispersion curves of the first and second modes and considerable 
influence on those of the n-th (n ≥ 10) mode, whereas it has little in
fluence on those of the n-th (3 ≤ n < 10) mode. Seawater depth is 
another factor affecting the dispersion curves: the deeper the seawater, 
the denser the dispersion curves, and the richer the guided waves in the 
same frequency range. 

The transfer matrix technique developed in this study can be 
generalized to the ice-covered Arctic Ocean with other kinds of sediment 
modeling, such as elastic solid seafloor, in which both longitudinal and 
transverse waves are required to investigate the dynamics. Furthermore, 
the theoretical and numerical results obtained in this study are useful for 
interpreting the acoustic experimental results in the Arctic Ocean. 
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Appendix A. Elements of transfer matrix MI,i (i¼1, 2, …, n1) 

(
MI,i

)

11 =
cos

(
αI,iΔh1

)(
β2

I,i − ξ2
)
+ 2ξ2 cos

(
βI,iΔh1

)

(
ξ2 + β2

I,i

)

(
MI,i

)

12 =
ξ

(
ξ2 + β2

I,i

)

⎡

⎣ − 2αI,i sin
(
αI,iΔh1

)
+

(
β2

I,i − ξ2
)

sin
(
βI,iΔh1

)

βI,i

⎤

⎦ J0(ξr)
J′

0(ξr)

(
MI,i

)

13 =
1

μI,i

(
ξ2 + β2

I,i

)

[

αI,i sin
(
αI,iΔh1

)
+

ξ2 sin
(
βI,iΔh1

)

βI,i

]

(
MI,i

)

14 =
ξ

μI,i

(
ξ2 + β2

I,i

)
[
cos

(
αI,iΔh1

)
− cos

(
βI,iΔh1

)] J0(ξr)
J′

0(ξr)
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(
MI,i

)

21 =
ξ

(
ξ2 + β2

I,i

)

⎡

⎣

(
β2

I,i − ξ2
)

sin
(
αI,iΔh1

)

αI,i
− 2βI,i sin

(
βI,iΔh1

)

⎤

⎦ J′
0(ξr)

J0(ξr)

(
MI,i

)

22 =
1

(
ξ2 + β2

I,i

)
[
2ξ2 cos

(
αI,iΔh1

)
+
(

β2
I,i − ξ2

)
cos

(
βI,iΔh1

)]

(
MI,i

)

23 =
ξ

μI,i

(
ξ2 + β2

I,i

)
[
− cos

(
αI,iΔh1

)
+ cos

(
βI,iΔh1

)] J′
0(ξr)

J0(ξr)

(
MI,i

)

24 =
1

μI,i

(
ξ2 + β2

I,i

)

[
ξ2 sin

(
αI,iΔh1

)

αI,i
+ βI,i sin

(
βI,iΔh1

)
]

(
MI,i

)

31 =
μI,i(

ξ2 + β2
I,i

)

⎡

⎢
⎣ −

(
β2

I,i − ξ2
)2

sin
(
αI,iΔh1

)

αI,i
− 4ξ2βI,i sin

(
βI,iΔh1

)

⎤

⎥
⎦

(
MI,i

)

32 =
2μI,iξ

(
ξ2 − β2

I,i

)

(
ξ2 + β2

I,i

)
[
cos

(
αI,iΔh1

)
− cos

(
βI,iΔh1

)] J0(ξr)
J′

0(ξr)

(
MI,i

)

33 =
1

(
ξ2 + β2

I,i

)
[(

β2
I,i − ξ2

)
sin

(
αI,iΔh1

)
+ 2ξ2 cos

(
βI,iΔh1

)]

(
MI,i

)

34 =
ξ

(
ξ2 + β2

I,i

)

⎡

⎣

(
ξ2 − β2

I,i

)
sin

(
αI,iΔh1

)

αI,i
+ 2βI,i sin

(
βI,iΔh1

)

⎤

⎦ J0(ξr)
J′

0(ξr)

(
MI,i

)

41 =
2μI,iξ

(
β2

I,i − ξ2
)

(
ξ2 + β2

I,i

)
[
cos

(
αI,iΔh1

)
− cos

(
βI,iΔh1

)] J′
0(ξr)

J0(ξr)

(
MI,i

)

42 = −
μI,i(

ξ2 + β2
I,i

)

⎡

⎢
⎣4ξ2αI,i sin

(
αI,iΔh1

)
+

(
β2

I,i − ξ2
)2

sin
(
βI,iΔh1

)

βI,i

⎤

⎥
⎦

(
MI,i

)

43 =
ξ

(
ξ2 + β2

I,i

)

⎡

⎣2αI,i sin
(
αI,iΔh1

)
+

(
ξ2 − β2

I,i

)
sin

(
βI,iΔh1

)

βI,i

⎤

⎦ J′
0(ξr)

J0(ξr)

(
MI,i

)

44 =
1

ξ2 + β2
I,i

[
2ξ2 cos

(
αI,ih1

)
−
(

ξ2 − β2
I,i

)
cos

(
βI,ih1

)]

Appendix B. : Elements of matrix M 

M′
11 = − μI,1

[
β2

I，1 − ξ2]cos
(
αI,1h1

)
J0(ξr)

M′
12 = μI,1

[
β2

I,1ω2 − ξ2
]
sin

(
αI,1h1

)
J0(ξr)

M′
13 = 2μI,1ξ2βI,1 sin

(
βI,1h1

)
J0(ξr)

M′
14 = 2μI,1ξ2βI,1 cos

(
βI,1h1

)
J0(ξr)

M′
15 =M′

16 = 0  

M′
21 = 2μI,1αI,1ξ sin

(
αI,1h1

)
J′

0(ξr)

M′
22 = 2μI,1αI,1ξ cos

(
αI,1h1

)
J′

0(ξr)

M′
23 = 2μI,1ξ

(
ξ2 − β2

I,i

)
cos

(
βI,1h1

)
J′

0(ξr)
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M′
24 = − 2μI,1ξ

(
ξ2 − β2

I,i

)
sin

(
βI,1h1

)
J′

0(ξr)

M′
25 =M′

26 = 0  

M′
31 =

[
MI

11αI，1 sin(αI，1h1) − MI
13μI，1

(
β2

I,i − ξ2
)

cos(αI，1h1)
]
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