Theory of wind-driven circulation

The classical view
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Wind-driven circulation has been studied

for a long time
G u If Stream from Benjamin Franklin’s map (widely used by ship captains)

and SST map from satellite
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Major wind-driven gyres in the world oceans
Why gyres? Why western boundary currents?
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The Ekman Spiral (Ekman, 1905)
. Momentum equations

fu:—lﬁp—i—a(A@—Vj Aa—u:rxlp,Agzry/p at z=0

poy 07\ oz 0z 0z

_W:_18p+8(A8_uj (u,v)—>0, as z— —oo
pOX 07\ 01

. Velocity decomposition
u=U, +u, :—£@+ue V=V, +V, =£@+ve
J yo, @y o, OX
. Ekman layer is thin (~30m), so the vertical shear of the

geostrophic velocity Is negligible
. Equations for the ageostrophic velocity

—fve:2 Aaue , fue:2 A@ve
0z 0Z 0Z OZ




The Ekman transport
. Equations for the ageostrophic velocity

—fve:2 Aaue , fue:2 A@ve
0z 0Z 0Z 0Z

. Vertical integration leads to IO v.dz = A%U;e =)
-V, =7"/p _
) U =-7x7/fp
fu,=7'1p

r=0.1Pa, f =10"*/s=V, =7/ fpl1lm*/s
Assume layer20mthick = v, [1 5cm/ s
V.L=6x10°m’/s =6Sv



The Ekman spiral

. Equations for the ageostrophic velocity

M =u,+Iv, d°™ . f v o
dz*

M=ce”+ce™, 1 :ﬁ(ljti)\/I
2 A
. Applying boundary conditions

M—>0asz—>—-w0=2c,=0

dM 1—1

1, ~
Ezzo—lclzp—A(f +Iry) C = /72 Ao

(" +ir”)

. Ekman spiral

N o B ﬁ\/f
ue+|ve_\/mp( + 1 )Exp{2 (1+1) AZ}




The Ekman Spiral

Wind Stress
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Consequence of Ekman

convergence/divergence

. 1) In the ocean interior, Ekman convergence leads to
Ekman pumping which drives the wind-driven gyres
In the oceans

. 2) Off-shore (on-shore) Ekman flux leads to coastal
upwelling (downwelling)

. 3) Off-equator Ekman flux induces equatorial
upwelling

. 4) Ekman divergence leads to the upwelling
associated with ACC --- the most important
upwelling system in the world oceans



The Ekman pumping (E %/ZE%)

. Integrating continuity equation
u,+v, +w, =0
leads to

we:j_oH(uX+vy)dz—§X : udz+—j v,z

. Ekman pumping rate
W ofz | o[ ) 1 _8z'y_8rx_+ﬂrx
S oox\fp) oyl fp fpl ox oy f’p
. Typical values:
w, 0 F10° m/s




Sketch of the wind-driven gyres
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Thermocline in the world oceans

The best way to search for the thermocline is from the bottom and move upward

Thermocline depth (m)
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Theoretical framework

of one-layer models

Hough (1897)
E-P as Pumping
Driving Circulation

* Ekman (1905)

Goldsbrough (1933) 1—> Ekman Flux
BHv=f(e-p)

I

Sverdrup (1947)
BHv=aurl

e T

Stommel (1948) Stommel (1957)
Western Bound. Layer Abyssal Circulation




Thermocline at a station;

The meaning of a reduced gravity model
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Pressure terms
. Rigid-lid approximation

We should not take the so-called rigid-lid approximation
asa “@Ni5” . Thisis justan approximation in which
the upper surface of the ocean is set at the z=0 level with
a suitable boundary condition.

. Pressure gradient under the rigid-lid approximation

Note that pressure at the z=0 iIs not constant, and this
term can be eliminated based on certain assumptions

. Assume p=p, at z=0 and integrated the hydrostatic
relation downward

1 | 1 | A
—V,p,0 gV, -9, V,h 0= =V, p =q'V,h, 1=~

P> P P



A reduced gravity model

. Basic assumptions:

Treat the main thermocline as a step function in density
Assume the lower layer is very thick and motionless
Assume motions In the upper layer Is adiabatic

. Basic equations

hu, + h(uu, +vu,)— fhv=—g'hh + 7"/ p, + AV, *(hu) - Ru

hv, +h(uv, +wv, )+ thu=-g'hh +z /,00+AV ?(hv) = Rv

Reduce(yzawty Wlnd stress /
h +(hu), +(hv), =0

lateral friction bottom friction



A slightly different form

f —_q'h +2-
U +ut, —(f+v, —u, Jv+w, =—g'h +——+A (U, +U,,)-ru

o
U —( f +5)V:_Bx+;oxh+Ah(uxx+uyy)—ru, B=9'h+uz;rv2
V +uv, +( F v, —u, Ju+uu, :—g'hy+;Tyh+Ah(vXX+vW)—rv
S A S

The final form
o ~(F+6)v=-8,+

X

-

Poh
Ty

Vi +(f +§)U :_By+ﬁ+Ah(Vxx+vyy)_rV;
0

+Ah(uxx+uyy)_ru;



Mechanic energy balance
. Multiplying momentum equation by u and v and add:

2 2 I
. u®+v , Along streamlines total energy
hiu -V, ( +J h} =W change is balance by source/sink

Kinetic Potential energy
energy Bernoulli function
1
W = o (uz* +vr’) =R +Vv?) + A[uV, ?(hu) + vV, * (hv)]
0
Wind work Bottom Lateral
positive source  friction friction
sink sink

Wind drive circulation iIs treated as adiabatic motions
-> thermodynamic iIs not included in such a theory



Vorticity balance

. Cross-differentiating momentum equation and subtracting

u-v,g+qu,+v,)=C

q=f+v,—u, c:[” Yy, (hv)] [TX—R‘HAV (hu)j

Vorticity / Source of potential vorticity
Wind ottom Lateral

stress friction friction
curl Sink sink
. f+v,.—u,
hi-V,.Q=C, Q=

h



Potential vorticity balance

Along streamlines potential vorticity
(PV) change is balance by source/sink

. f+v, —u
hi-V,Q=C, Q= " .

A more accurate expression is to include the density jump

, A
Q =(f +vx—uy)poih

For continuous stratification

op
'=—(f+v —u
? ( ' y) 0,07
For large-scale circulation, relative vorticity is small

and negligible; thus, the commonly used forms are

Ap f
'=f org'=— '=—
Q 0P,AN k Ah 2 P,0Z




Conservation laws
. For steady flow, we introduce a streamfunction

v, =hv, v, =-hu

. Two conservation laws

2 2 f+Vf—U
B =1 ;V +g'h=F(y) Q=——"—"=G6()

. These two|functions are not independent

Taking the gradient
\ 4

VB=£EVW

dy

. =G(y), or QVy =VB

dy



The Interior solution, based on wind stress
(Ekman flux is included, 4=77it)

—fhv=—g'hh +7*/ p,

fhu =—g'hh,
(hu) +(hv) =0 > v, =hv,y, =—hu
X y
. Cross-differentiation-> . Sverdrup transport
phv =—z71 p, )W:poﬁz-y(xe_x)

2 X 2 X
ph, =———| © o2 =h 2 (T j (X, =X
" g' 0,0\ f , 9 P\ T y

Why Integration from eastern boundary, not the western b.?



Sverdrup transport in the world oceans
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Descriptive Physical Oceanography Fig. 5.17



The Interior solution, based on Ekman pumping
(Ekman flux not included)

—fhv=—g'hh,
fhu =—g'hh,
(hu), +(hv), =-w,, w, =—(z"/ T p,),

. Cross-differentiation->

phv = fw, = - (T ]
f o, y




The Interior solution, based on Ekman pumping

. Integrating the vorticity equation leads to the meridional
transport (the Sverdrup function)

m =

f ( j (x_x) There isno streamfunction
P because there IS a mass source

. Introduce a virtual streamfunction

v =3 ()= f (Tf] (X, =X)

21, e Y2y
. A constant line of ¥ ™ Is a streamline; but the flux between
two lines can change due to Ekman pumping >

The application to interior communication window later.



Scaling of momentum equation In the

western boundary layer
Assumescales :u ~ 0.01,v ~1,dx ~10°,dy ~ 10°,

r~0.1,h~100,9'~0.0,R~10"
hu, +h(uu, +vu,) - fhv=—g'hh +7*/ p, + AV, *(hu) - Ru
10°(10°,20") 10° 10° 10™ 10°°
hv, +h(uv, +w, )+ fhu=—g'hh +7"/ p, + AV, *(hv) — Rv
102(10°,10°) 10* 10* 10 ” 10

Semi-geostrophy: geostrophy in the cross-stream direction
ageostrophy in the along-stream direction

fhv=g'hh,



Common features in Western boundary layer

. Integrating the geostrophic relation in cross-stream

direction fhy — g'hh K 2f? Efj )
9’ o3 S
w,+— h2 h
\ 2 (Xe_xw)
poﬂ ’
h hz—ﬁw, =h? - 2 (X, — X, )
g 9 O

1) Large layer thickness change across stream

loka <0

ithi - o, 2 _
2) Within the subtropical gyre 5 gpo(xe X, )



Thermocline thickness at the outer edge
and wall of the western boundary

Layer thickness along the western wall
v\h

Layer thickness at the outer
edge of the western boundary
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Depth of the thermocline (m)

A numerical example of the thermocline
thickness and surface elevation

— Outer edge of WB (Interior)
— Western Wall

| Layer becomes thi

_—
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Free surface elevation (m)

: — Outel: edge o;'WB (Inlterior)
— Western Wall
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Scaling in the western boundary layer

hu, +h(uu, +vu,) - fhv=—g'hh +7*/ p, + AV, *(hu) - Ru

10°(10°,20") 10° 10° 10™ 10°°
hv, + h(uv, +w, )+ fhu=—g'hh +7"/ p, + AV, *(hv) - Rv
10°(10°,20° 10* 10* 10 ?? 10
—fhv=—-g'hh, . Bhv=-Rv,
fhu=-g'hh, —Rv

Scaling of the more complete PV

T, equation—> wind-stress curl and Ru,
ﬂhVZ—p—Jr R(Uy —VX) can be neglected
0

2.10° 10 2.10™ (10-8 107 )

X



Thermocline depth with a Stommel layer

¥ =-0.15 cos(u 72'], g'=0.015m/s* h, =300m
Yo = Ys

a) West. boun. b) Basin interior
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Wind-driven gyre with a Stommel layer (in Sv)

a) West. boun. b) Basin interior
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Potential vorticity (10-1%/s/m)
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b) Basin interior

f——
———
f—

PV increase due
to source from |
1/ positive friction
f'torque

|

\

0 O05E 1.0 1.5EOQ

10E 20E 30E 40E ©S0E 60E



The sink and source of PV

a) West. boun. b) Basin interior
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Wind work on the subtropical gyre

a) West. boun. b) Basin interior
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The Inertial western boundary layer

. Basic idea - Stommel (1954): within the western
boundary, the inertial term associated with horizontal

advection balances the planetary vorticity term

Charney (1955) and Morgan (1956) put this idea In
accurate formulation

. The basic equations
h(uu, +vu,) - fhv=—g'hh, + 7"/ p,

h(uv, +w, )+ fhu=—g'hh, \

(hu), +(hv), =0 fhv =g'hh,

B= %vz +g'h=F(yw), energyconservation

f+v _ | _
Q= X =G(y), potential vorticity conservation

h




The nertial western boundary layer

. Determine the energy/vorticity functions from the outer
edge of the w.b.l. f(Y)

. G —_\J
F(y,)=9"h(Y) W) h (Y)
. The interior solution at the outer edge of w.b.l.

X
Y
Lol )

. The final forms Y=Y()

Vi = Define the inverse function

Fw)=0'h[Y ()] 6= %i)ﬂ

. North of the latitude where v, (Y ) reaches the maximum, this
one-to-one inverse Is no longer valid = this Is the northern limit
of inertial western boundary layer



The Inertial western boundary layer
. Streamfunction and layer thickness within w.b.l.

w=w.+2g—f(h2—h.2) h? = h2+zg—f(l// v, )

. The velocity is linked through the Bernoulli function

%v2+g'h— F(W):»v:\/z[F(w)—g'h]

. Notethat 2-_ h2+£(:// v,)

. . g .
IS the Inertial western boundary layer solution in

streamfunction coordinate, which can be plot in physical

coordinate by use the Von-Mises transformation (used
In fluid mechanics) to the streamfunction coordinate

¥ — J't//dly



Inertial western boundary current

a) West. boun. b) Basin interior
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Y (km)

Y (km)

A. A model on f-plane

a) Layer thickness (100m) b) Volume transport (Sv)
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PV controls the lowest-order dynamics
Other parameters (friction) are secondary

f drf_ o E|I =l ¥ o : ..
L f = Constant J _ f Iinrly_inc dSes

1000 km
Flg 4--Surface height cuntuurs for the uni- " Fig. 5~-Streamlines for the case where the
formly rotating ocean in ¢m referred fo ' Coriolis force is a linear function
an arbitrary level of latitude

Stommel (1948) classical figures
What controls the circulation?



A simple model
hu, — fhv=—g'hh, +7*/ p, + AV, (hu) —ru

hv, + fhu =—g'hh, +72° / p, + AV, *(hv) —rv

h +(hu), +(hv), =0

a) Coriolis parameter b) Zonal wind stress
45N ; ; - - 45N . .
B-plane
— — — f-palne
40N+ 1 40Nt
35N r 1 35N+
30N 1 30Nt
25N | 1 25N+
20N | 1 20N+
15N ' ' ' 15N : : '
04 0.6 0.8 1 -1 -0.5 0 0.5

f(10°%s) 7 (0.1N/m?)



Streamfunction for a model on f-plane
Circulation inversely proportional to friction

\orticity

equation (7*), /Py =r(uy =V, )+HOT

a) v (Sv), r=0.150m/s>, f-plane b) v {(Sv), r=0.05cm/s>, on f-plane
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Streamfunction for a model on beta-plane
solution Insensitive to friction

Vorticity X High order term
equation'ghv =Ty /,00 + T (Uy —V, )Necessary only in the

western boundary

a) v (Sv), gpri=1cm/s2 r=0.15cm/s?, p-plane b) v (Sv), gpri=1cm/s? r=0.05cm/s?, p-plane
45N

|||35

0N b

0
10E 20E 30E 40E OS0E 60E 70E 8OE 10E 20E 30E 40E 50E 60E 70E 80E



45N

40N -
36N -
30N - |
25N [

20N [

15N

A model with no rotation
Pressure gradient Is nearly zero

vorticity — (¢*) 1 p, =r(u,-v,)+HOT

equation

a) v (Sv), r=0.15cm/s?, no rotation

w 70
_ I60

| “\20
10

10E 20E 30E 40E 50E G60E 70E 80E

- 150

- 40

130

b)h(100m)r—015|nf

10E 20E 30E 40E 50E 60E 70E 80E

M\
L

|||7ﬂ1

- 7.05
-7

16.95

“\65}
6.85
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Surface
Ekman
Layer

Some thought
about Ekman
cells

Downward
Flow
Ocean

Interior

Two Ekman
Layers for a
Homogeneous
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Ekman layers
In a square
basin with

homegeneous

fluid




Ventilation and subduction

Ekman pumping leads
¢ to the wind-driven gyres

_— >

Flow in the lower layer

Ventilation through
> exposure to
Flow in the upper layer atmospheric forcing

Subduction via
motion continuous

from the outcropping

p+Ap




y (km)

Ventilated thermocline

A. A one-moving-layer model with outcropping

a) Layer thickness (100m) b) Volume transport (Sv)
3000 T T . 3000 H
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B. A two-moving-layer ventilated model

c) Upper layer thickness d) Lower layer thickness
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A 2-moving layer ventilated

~ thermocline including IWBC
AY AN \




Interior solution (2 moving layers)
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Inertial western
boundary layer
(No solution for
the northern part

of the western
boundary layer)

Mixing/dissipation

required for close

the budgets of the
circulation
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Flow structure of a 2-gyre circulation

a) Wind stress and Ekman pumping b) Wind gyre fluxes
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Cross-gyre

Transport ‘
of the Western \
Boundary Current,

’

Crd
\
withi
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2-Gyre communication
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n the Western
ndary Current

Intergyre Boundellry

Cross-isopycnal flow in the surface layer



Typical trajectory of a water parcel

Isopycnal and  Subpolar Gyre
quasi-adiabatic P Y

upward motions Cross-gyre diabatic
in the subpolar } \\_Ekmgertfansport
ownward motions

oyre irW
in the subtropical

Upward diabaths_ Subtropical Gyre oyre interior

esternBoundae
Current

Isopycnal and
uasi-adiabatic

Nearly Inertia
Western Boundary
Current



An Eulerian view of the Ekman cells

. Strong diabatic Ekman transport
' -
uasi-adiabatic

ownward motions

. =
Quasi-adiabatic
upward motions |
inside subpolar gyre :
inside subtroplcal e >

Strong adiabatic

upward motions \

in the IVVBC Quasi-adiabatic
| upward motions
: in the WBC




Lagrangian eddy flux?

Can Ekman pumping be cancelled by an upward Lagrangian eddy flux?

1) Flux in Eulerian and Lagrangian coordinates have different physical
meaning --- they cannot be treated as the same fluxes

2) Inthe Lagrangian coordinates, there might be different fluxes associated
with different tracers and different eddy sizes

3) Eddy flux associated with certain size of eddies may be compensated by a
virtual flux of “eddy shadow” --- such a compensating virtual flux may
move in the opposite direction.

4) When people in a meeting moves around, the air occupied by people
should also move around --- the motions of air more or less compensates
the flux associated with human being.



